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Executive Summary

Recently, a novel non-iterative power flow (PF) method known as the Holomorphic Embedding
Method (HEM) was applied to the power-flow problem. The method has been shown to produce
reduced-order network models (from analytical model data) that accurately captured the nonlinear
behavior of the network models and were able to predict the nearness of the operating point to the
saddle-nose bifurcation point (SNBP), a measure of voltage stability margin. The goal of this work
was to explore whether HEM could be used with PMU measurements to similarly calculate this
metric.

The work progressed in five stages. The first stage was to produce reduced-order nonlinear
Thévenin-like network models using HEM and analytical model data. These reduced-order models
served as accurate reference cases for the models built using PMU measurement. This first stage
was completed successfully, showing the wide range of conditions over which such models were
both valid and could be developed.

The second stage involved showing that the traditional maximum power transfer theorem (MPTT)
used for linear models was not applicable to nonlinear models and a new nonlinear MPTT
successfully derived.

The third state involed identifying ways in which the nonlinear reduced order Thévenin-like
models could be used to predict the SNBP. Of the methods identified, two methods were singled
out for further testing: (1) The MPTT method (using the nonlinear MPTT); (2) The Roots method
(using the roots of Padé approximant of the voltage function for the bus at which the PMU
measurements were taken).

In the forth stage of work, numerical methods for approximating the needed functions from
measured data were proposed. Recognizing that appxoimations of the functions from measured
data were senstive to precision, multiple numerical methods for both the MPTT and Roots methods
were tested using psuedo-measurment from the network models identified in the first stage of this
work. Advantages and limitations of both methods were identified and both methods were shown
to be viable provided sufficient accuracy in the measurments and calculations was assumed.

In the fifth stage, noise was added to the pseudo-measurements and the various numerical methods
proposed were reevaluated. With this test, the performance was less accurate than hoped and future
work was identified to improve the performance.



Project Publications:

[1]

[2]

[3]

[4]

[5]

[6]

[7]
[8]

[9]
[10]

S. Rao, D. J. Tylavsky, “Two-Bus Holomorphic Embedding Method-Based Equivalents
and Weak-Bus Determination,” arxiv.org/ftp/arxiv/papers/1706/1706.01298.pdf, Aug.
2017, pp. 1-4.

S. Rao, D. J. Tylavsky, V. Vittal, W. Yi, D. Shi, Z. Wang, “Fast Weak-Bus and Bifurcation
Point Determination using Holomorphic Embedding Method,” IEEE PES General Meet-
ing, July. 2018, pp. 1-5.

S. Rao, S. Li, D. J. Tylavsky and Di Shi, “The Holomorphic Embedding Method Applied
to a Newton Raphson Power Flow Formulation,” 2018 North American Power Symposium,
pp. 1-6, Sep. 2018.

S. Li, Q. Li, D. J. Tylavsky and Di Shi, “Robust Padé Approximation Applied to the Hol-
omorphic Embedded Power Flow Algorithm,” 2018 North American Power Symposium,
pp. 1-6, Sep. 2018.

S. Li, D. J. Tylavsky, “Analytic Continuation as the Origin of Complex Distances in Im-
pedance Approximations,” International Journal of Electrical Power and Energy Systems,
Volume 105, Feb. 2019, pp. 699-708.

S. Rao, D. J. Tylavsky, D. Shi, Z. Wang, “A measurement-based approach to estimate the
saddle-node bifurcation point using Padé approximants,” IEEE Trans on Power Systems,
(in preparation).

S. Li, D. J. Tylavsky, D. Shi, Z. Wang, “Stahl’s Theorem Part 1: Implications to Theoretical
Convergence,” IEEE Trans on Power Systems, (in preparation).

A. Dronamraju, S. Li, Q. Li, Y. Li, D. J. Tylavsky, D. Shi, Z. Wang, “Stahl’s Theorem Part
2: Implications to Numerical Convergence,” IEEE Trans on Power Systems, (in prepara-
tion).

S. Li, D. J. Tylavsky, D. Shi, Z. Wang, “The Padé Matrix Pencil Method,” Society of In-
dustrial and Applied Mathematics, (In Preparation), 2019.

S. Li, Q. Li, D. J. Tylavsky, D. Shi, Z. Wang, “Estimation of the Saddle Node Bifurcation
Point using HEM and PMU Data,” IEEE Trans on Power Systems, (in preparation).

Student Theses:

[1]
[2]
3]

Shruti Rao, “Exploration of a Scalable Holomorphic Embedding Method Formulation for
Power System Analysis Applications,” PhD Dissertation, Completed Summer, 2017.
Qirui Li, “Numerical Performance of the Holomorphic Embedding Method,” MS Thesis,
Completed Summer, 2018.

Songyan Li, “Application of HEM to SNBP Prediction and the OPF Problem,” PhD Dis-
sertation, in progress.



1

INEFOOUCTION ...t bbb bbbt et e bbbt b et b e e st e neas 1
L1 OVEBIVIBW ..ttt sttt s ettt se e s bt et e st e e bt et e e ne e ebe e nbeenteeneenbeenbeeneeneeas 1
LITErATUIE REVIBW.....iitiieieeieie ettt b e bbbttt bbbt ne e e s 2
2.1 ContinUAtIoN POWEE FIOW........coiiiiiieieiie ettt nneas 2
2.2 HEM-based METhOUS .........coiiiiiiiiieee e bbb 3
2.2.1 Power-Flow Search Method (PFSM).......cccoiiiiiiiiieiiie e 3
2.2.2 Padé Approximant SEarch (PAS) ... 3
2.2.3 Extrapolating Sigma Method (ESM).......ccccoiiiiiiiiiiiieccese e 3
2.2.4 ROOES MELNOU. ... .cuiiiieieie ettt 4
2.3 Measurement-based MethOUS ..........coueiiiieiieii e 4
Local-Measurement-Based Methods of Steady-State Voltage Stability Analysis .................... 5
3.1 Local-measurement-based methods of estimating the steady-state voltage stability
4T 1o 1o SR SSPRPSIN 5
3.2 Effect of discrete changes on local measurement-based methods of estimating the
steady-state voltage stability Margin ..........c.ccccovveii i 12
3.2.1 Effect of generator VAN HIMILS ....cceoiiiiiiicc e 13
3.2.2 Effect of other discrete Changes ... 17
3.2.3 Limit-induced bifurcation points............cccoeveiiiiiicie i 20
3.3 Validation of pseudo-measurements obtained using HEPF .............ccooeiiiniiiiiceen, 21
3.4 Developing a Thévenin-like network using HE reduction...........c.cccceecviveveciecccseeneen, 22
3.4.1 Steps involved in obtaining the Thévenin-like network...........c.ccccocevevrernnnnen, 22
3.4.2 Impact of modeling loads as nonlinear currents or nonlinear impedances .......... 31
3.4.3 Arbitrary Thévenin-like NetWOrKS...........ccoceieiiiieiiieseeee e, 33
3.4.4 Maximum power-transfer condition in the presence of a variable voltage
SOUICE .ttt ittt ettt ettt ettt ettt ekttt ekt ekt e ekt e ekt e ek bt e e bt e e bb e e e bt e et e e et r e e nnnr e e nnne s 35
3.4.5 Some implementation detailS ...........cccovviiiiiii i 42
3.4.6 Multi-bus reduced-order equivalent NEtWOrKS ...........ccevviiiiieniiiieee,s 45
3.5 Revisiting the Sigma Method ...........ccooviiiiiii e 47
K 2L 0 o] 113 [ LSRR 51
Fitting Methods in Detail and the Roots Methods ..., 52
4.1 Different numerical methods for estimating the SNBP from measurements................... 52

Table of Contents



4.1.1 Fit a function of a from noiseless MeaSUrEMENTS ........evvvveeeee e 52

4.1.2 Four numerical methods for estimating the SNBP from measurements.............. 53

4.2 Validating the Maximum Power Transfer THeorem ..........ccccccevvveveiieiin s, 64
4.3 Numerical comparison of different methods using noiseless measurements.................. 66
4.3.1 Modified 118 DUS SYSIEIM ...c..ecuviiieiieeie ettt te et sae e nreas 66

4.3.2 Finding the ten weakest buses from modal analysis ..........ccccccvvviriiiiiienicninnnn, 66

4.3.3 NUMEFICAI FESUITS. .....eivieiiiieiie e e 67

0 A ©f0] o] [V [ ] USSR PSTPRTS 72

4.3.5 More analysis on the numerical resultS............ccooveiiiieiieii e 73

4.4 Using the roots method to estimate the SNBP ..., 75
4.4.1 The effect of order of Padé approxXimant ............ccccccevvveieeie i i 75

4.4.2 The effect of number of MEaSUrEMENTS..........cccvivereiiesieee e 77

4.4.3 The effect Of PreCiSION.......ccvcii i 78

4.4.4 Comparison of the MPTT and the roots method............cccooeviiinenininiiee 81

4.5 Numerical comparison of different methods using noisy measurements........................ 82
4.5.1 NUMEIICAI FESUITLS. ......iiieiiieieee ettt nne e nneas 82

4.5.2 Analytic Derivative Method ...........cccoeiiiiiiieiie e 84

A.5.3 SUMMEIY ..oeiiiieieeie ettt bbbttt e b e e b e b e e b e nne s 86

4.0 SUMMIAIY ...uiieitite it e sttt st et e e st e sa e e asbe e e ssb e e e ss b et e asbe e e asbeeebaeeebeeeesaeeassneeanseeeanneeeas 86

ST 03 Tod 11157 o] PSSR 87
RETEIBINCES ...t bt bbbt h e bttt b e bt et et be et et e ae e 88



List of Figures

Figure 3.1 Thévenin equivalent at the bus Of INtErest..........ccceovviieiieiece e 5
Figure 3.2 Thévenin impedance and 10ad iMPedanCe............cccooiierririnenne e 6
Figure 3.3 |Zm| and |ETn| at bus number 4 vs. the load-scaling factor when generator VAr limits are
(1o g To] =T USRS UPRTRR 9
Figure 3.4 |Ztn| and |En| at bus number 13 vs. the load-scaling factor when generator VAr limits
V=l [0 g 0] =T E PSSP PSP U PP PRUPPPR 10
Figure 3.5 Angle of Zm at bus number 13 vs. the load-scaling factor when generator VAr limits
V=l [0 [g0] =T E TS T PSP TP PRURUPRPR 11
Figure 3.6 Rh at bus number 13 vs. the load-scaling factor when generator VAr limits are ignored
........................................................................................................................................................ 11
Figure 3.7 Magnitude of Z_ and Ztn at bus number 13 vs. the load-scaling factor when generator
VAT TIMITS @I8 IGNOTEA ...ttt b bbbt e e 12
Figure 3.8 IEEE 14-bus SYStem [40]......ccvoiiiiieiiee et st 13
Figure 3.9 Magnitude of Zm vs. the load-scaling factor when generator VAr limits are respected
........................................................................................................................................................ 14
Figure 3.10 Magnitude of Eth and the “shifted” Zh vs. the load-scaling factor..............cc.ccceene. 14
Figure 3.11 Magnitude of Z. and Zm at bus number 4 vs. the load-scaling factor when generator
VAT TIMITS @re FESPECLEU ......eeiiieeeieee ettt bbbt 16
Figure 3.12 Magnitude of Ztn vs. the load-scaling factor with and without VAr limits................ 17
Figure 3.13 Effect of other discrete Changes 0N ZL........ccoivveviiiereiinireeee e 18
Figure 3.14 Effect of other discrete Changes 0N ZTh ...c..cvvverieiiiierieiie e 19
Figure 3.15 Effect of other discrete changes 0N Eth ......cccoiveiiiiiiiinecee e 19
Figure 3.16 Effect of other discrete changes on estimated SNBP ..........c.cccccvveviiie i, 20
Figure 3.17 Validation of HEPF pSeUTdO-MEASUrEMENTS. ........c.eiiriiereeieiesie e 21
FIQUIE 3.18 FOUI-DUS SYSTEIM......eiiiiieiieiit ettt ettt e te e sreesre e neenae e 22
Figure 3.19 HE-reduCed NELIWOIK..........ooiiiiiiiitiieee s 23
Figure 3.20 Stepl of getting a Thévenin-like network from the HE-reduced network ................. 24
Figure 3.21 Step-2 of getting a Thévenin-like network from the HE-reduced network................ 24
Figure 3.22 Step-3 of getting a Thévenin-like network from the HE-reduced network................ 25
Figure 3.23 Final step of getting a Thévenin-like network from the HE-reduced network........... 25
Figure 3.24 Voltage magnitude from Thévenin-like network and full network, 4-bus system.....26
Figure 3.25 Voltage angle from Thévenin-like network and full network, 4-bus system............. 27

Vi



Figure 3.26 Difference between the voltage magnitudes obtained from the Thévenin-like network

and the full NEtWOTK, 4-DUS SYSTEIM ..ottt e ne e 27
Figure 3.27 Voltage magnitude from Thévenin-like network and full network, modified 14-bus
V£ (=] 1 TP PP PR USRI 28
Figure 3.28 Voltage angle from Thévenin-like network and full network, modified 14-bus system
........................................................................................................................................................ 29
Figure 3.29 Difference between the voltage magnitudes obtained from the Thévenin-like network
and the full network, modified 14-DUS SYStEM .........ccooiiiiiiiie e 29
Figure 3.30 Validation of pseudo-measurements from the Thévenin-like network ...................... 30
Figure 3.31 Magnitude Of Vsource(0) VS. G «..ooveiuiiiiiiiiiiieieces e 31
Figure 3.32 Load modeled as nonlinear impedance in step-3 of getting a Thévenin-like network
........................................................................................................................................................ 32
Figure 3.33 Load modeled as nonlinear impedance in step-3 of getting a Thévenin-like network
........................................................................................................................................................ 32
Figure 3.34 Shunt impedance and compensatory shunt current added at bus 1. ...........ccccceveneen. 34
Figure 3.35 |Z(a)| and |Zsource| VS. @ for the modified 14-bus SYStem ........cccccevvviiiniinininiicien, 36
Figure 3.36 Imaginary parts of the LHS and RHS of (3.34) vs. « for the four-bus system........... 40
Figure 3.37 Imaginary parts of the LHS and RHS of (3.34) vs. a for the modified 14-bus system
........................................................................................................................................................ 40
Figure 3.38 LHS vs. RHS of (3.34) for the four-bus SYStem ...........ccviiieiiienceneeeeee 41
Figure 3.39 LHS vs. RHS of (3.34) for the modified 14-bus System .........c.cccevveveiicvecicciee, 41
Figure 3.40 LHS vs. RHS of (3.34) for the modified 14-bus system with an arbitrary Thévenin-
TIKE NMEEWOTK ...ttt bbbt s et e e et et et beebeer e e st eneenees 42
Figure 3.41 LHS and RHS of (3.34) for the modified 14-bus system with ZIP loads .................. 43
Figure 3.42 LHS and RHS of (3.34) for the modified 14-bus system with phase-shifting
L= VA1 (0] 00 1=] £ OSSR 45
Figure 3.43 Error between the voltages of the full system and a multi-bus reduced-order system
for the 14-bus system with phase-shifting transformers ..., 46
Figure 3.44 Original and revised o conditions vs. a for the four-bus system............ccccceverienneen. 49
Figure 3.45 ¢ scatter plot with original and revised o indices, bUS 4..........cccccoieiiiiiiniininicien, 49
Figure 3.46 o condition vs. a with revised o indices, modified 14-bus system............cccoceveenen. 50
Figure 3.47 ¢ condition vs. o with original ¢ indices, modified 14-bus system..........ccccccvverenn, 50
Figure 4.1 Function of a vs. loading-scale factor............cccveveiiie e 52
Figure 4.2 LHS and RHS of (3.35) at weak bus number 44 vs. the loading scaling factor for the
[IEEE 118 DUS SYSTEM ..ottt ettt ettt ettt e et e s b et e e et e e ste e eneeebeeaneeetee e 56

vii



Figure 4.3 LHS and RHS of (3.35) at strong bus number 67 vs. the loading scaling factor for the

TEEE 118 DUS SYSTEIM ...ttt bbbttt bbbt 56
Figure 4.4 LHS and RHS of (3.35) at weak bus number 22 vs. the loading scaling factor for the
MOAITIEd 118 DUS SYSTEIM ...ttt sttt sbe e sneenne e 58
Figure 4.5 LHS and RHS of (3.35) at strong bus number 67 vs. the loading scaling factor for the
MOAITIEd 118 DUS SYSTEIM ...ttt sttt be e sbe e areenae e 58
Figure 4.6 LHS and RHS of (4.11) at weak bus number 44 vs. the loading scaling factor for the
TEEE 118 DUS SYSTEIM ...ttt bbbttt bbbt 62
Figure 4.7 LHS and RHS of (4.11) at strong bus number 67 vs. the loading scaling factor for the
TEEE 118 DUS SYSTEIM ...ttt bbbt bbbt 62
Figure 4.8 Two-bus equivalent diagram for Ztha method............c.ccccooiiieiieii i, 63
Figure 4.9 Magnitude of ZL and Zth at strong bus number 48 vs. the loading scaling factor for
the IEEE 118 DUS SYSIEIM ......eiiiiie ettt et e te et e e e e nre e enes 64
Figure 4.10 LHS and RHS of (3.35) at strong bus number 67 vs. the loading scaling factor for the
[IEEE 118 DUS SYSEEIM .. ueiuiiieiiiie ettt ettt ettt ettt e et e s beesteeseeaba et e aseesraeteeneesneenteeneenneas 65
Figure 4.11 Percent error in SNBP estimation for measurements in the 50%-60% training range
........................................................................................................................................................ 68
Figure 4.12 Percent error in SNBP estimation for measurements in the 60%-70% training range
........................................................................................................................................................ 70
Figure 4.13 Percent error in SNBP estimation for measurements in the 70%-80% training range
........................................................................................................................................................ 71
Figure 4.14 Percent error in SNBP estimation for different training data range (average of the
ADSOIULE ValUE OF BITOIS)....c.viiieiceie ettt e e beere e reesraenbeeneenres 72

Figure 4.15 Percent error in SNBP estimation for different training data range (average errors).73

Figure 4.16 LHS and RHS of (3.35) at bus 23 or bus 43 vs. loading scaling factor ..................... 74
Figure 4.17 dVs(a)2 at bus number 23 or bus 43 vs. loading-scaling factor .............cccceeenenee, 74
Figure 4.18 Pole-zero plot for dVs(a)2 at bus number 23 and bus 43...........ccocovvvviviviiiiieienn, 75
Figure 4.19 Pole-zero plot for different order of VL Padé approximant..............ccccevevvevieieennenn, 76

Figure 4.20 The estimation of SNBP vs. number of series terms used in building the Padé
approximant of VL using 200 MEASUIEMENTS.........c.eeiiriiieiieiireeseesireesee e seesae e sree e sraeese e 77

Figure 4.21 The estimation of SNBP vs. number of series terms used in building the Padé
approximant of VL using 2000 MeEaSUIEMENTS..........ccuiiirieiieiireesieesieesee e e see s e e sree e e srneesee e 78

Figure 4.22 Pole-zero plot for VL Padé approximant for the modified 118 bus system (double
precision measurements, double precision Padé approXimant) ...........cccecerereninenienesesieeeneens 79

Figure 4.23 Pole-zero plot for VL Padé approximant for the modified 118 bus system (double
precision measurements, 220 digits of precision Padé approxXimant)...........cccceceevenieneninnieniennnenn 79

viii



Figure 4.24 Pole-zero plot for VL Padé approximant for the modified 118 bus system (220 digits

of precision measurements, 220 digits of precision Padé approxXimant) ...........ccceeevereiencreiennnns 80
Figure 4.25 Comparison of MPTT and roots method for estimating the SNBP...............c.cco...... 81
Figure 4.26 Percent error in SNBP estimation for noisy measurements in the 70%-80% training
L2100 PSRRI 83
Figure 4.27 Pole-zero plot for VL Padé approximant with noisy measurements .............cc.c....... 83
Figure 4.28 LHS and RHS of (3.35) at weak bus number 22 vs. the loading scaling factor for the
modified 118 bus system using NOISEIESS MEASUIEMENTS ........ccceveeiriiierieeie e 84
Figure 4.29 LHS and RHS of (3.35) at weak bus number 22 vs. the loading scaling factor for the
modified 118 bus system using noisy measurements with standard deviation of 10°.................. 85
Figure 4.30 LHS and RHS of (3.35) at weak bus number 22 vs. the loading scaling factor for the
modified 118 bus system using noisy measurements with standard deviation of 10 .................. 86



List of Tables

Table 3.1 Percent increase in |ZTh| due to VAr limits observed at different buses.......................
Table 3.2 System parameters for four-bus SYStEM ..........cccovveiiic i
Table 4.1 Built-In/Self-Coded MEethOd .........ccooiiiiiiiee e e
Table 4.2 Best Component MELNOM...........cceiviiiiiiiece e
Table 4.3 Ten weakest buses for the modified 118 bus system using modal analysis ..................

Table 4.4 Percent error in SNBP estimation for measurements in the 50%-60% training range
for the Modified 118 DUS SYSTEM ..o

Table 4.5 Percent error in SNBP estimation for measurements in the 60%-70% training range
for the Modified 118 DUS SYSTEM ..ot

Table 4.6 Percent error in SNBP estimation for measurements in the 70%-80% training range
for the Modified 118 DUS SYSTEIM ..o

Table 4.7 Percent error in SNBP estimation for noisy measurements in the 70%-80% training
range for the modified 118 DUS SYSTEM .......oiuiiiiiiiiieiee e



1. Introduction

1.1 Overview

The holomorphic embedding power flow method (HEM) was first proposed in [1]. As a new power
flow method, it has many merits including:

1) When the power flow problem has a high voltage solution, the claim [1] is that the method
is guaranteed to find it.

2) When the power flow solution does not exist, the method unequivocally indicates such by
its behavior.

As presented in [1], HEM uses Padé approximants to represent the bus voltage as rational functions
of a load scaling factor. The poles and zeros of the rational function are closely related to the
voltage collapse point. This suggests that, if the rational function approximation can be built for
the bus voltages from local measurement, the location of the voltage collapse point (the saddle
node bifurcation point, SNBP) may be extracted from the rational function approximation. This
idea is studied, and the theory and results are presented in this report.

Chapter 2 includes a literature review of different methods of evaluating the saddle -node
bifurcation point of a power system.

Chapter 3 contains a discussion on the traditional way of using local measurements to build Thé-
venin equivalent networks at the bus-of-interest and explores its different aspects. Nonlinear Thé-
venin-like networks are then built using model data and it is shown that the series impedance in
the Thévenin-like network can be assumed to be of any reasonable desired value and the nonlinear
voltage source model parameters calculated using the procedures introduced here are such as to
preserve the load voltage and load current behavior. Multi-bus nonlinear networks are developed
in which network topology and parameters can be made arbitrary and the nonlinear current injec-
tions can be suitably modified such that the load voltage and load current behavior is preserved.
The arbitrariness of the nonlinear reduced-order networks can be used to simplify the process of
obtaining such networks using local measurements.

Chapter 4 concentrates on the SNBP estimation from HE-based Thévenin-like networks using
local-measurements. The Maximum Power Transfer Theorem (MPTT) is validated with extremely
high precision. The comparison of four different numerical methods based on the MPTT are tested
on the modified IEEE 118-bus system using pseudo-measurements. The roots method is also
discussed and compared with the MPTT method. The effect of noisy measurements on the
accuracy of SNBP estimation is explored.

Finally, the conclusion and the scope for the future work are included in Chapter 5.



2. Literature Review

In recent years, power systems are operated under increasingly stressed conditions, which has
elevated the concern about system voltage stability. The saddle-node bifurcation point (SNBP) can
be used as a useful voltage-stability-margin metric and hence the prediction of SNBP has received
significant attention [3].

When the loads of a power system increase up to a critical limit, the static model of the power
system will experience voltage collapse and this critical point is identified as a saddle-node
bifurcation point (SNBP). In mathematics, the SNBP represents the intersection points where
different equilibria of a dynamical system meet [4]. When the dynamic model is constructed using
classical machine models, the equilibria are represented by a set of nonlinear algebraic equations
and the SNBP is a saddle-nose type of branch point in this set of algebraic equations. In this section,
several methods of estimating the SNBP will be discussed.

2.1 Continuation Power Flow

The continuation power flow (CPF) [5] is a NR-based method which can be used to trace the P-V
curve from a base case up to the maximum loading point by solving successive power flows while
scaling up the load and generation level of the power system [5]. In the CPF method, the power
flow (PF) equations are reformulated to include a loading parameter to eliminate the singularity of
Jacobian matrix when close to SNBP. The basic strategy behind the CPF is to use of a predictor-
corrector scheme, which contains two steps: One is to predict the next solution by taking a
specified step size in the direction of a tangent vector corresponding to a different value of the load
parameter. Then the other one is to correct the solution using a local parameterization technique.

The computational complexity of the CPF is much higher than the Newton-Raphson method since
it requires calculating many operating points on the P-V curve. In addition, the control of the step
size and the continuation parameter play a key role in computational efficiency of CPF. For
example, a small step size gives too many solution points and requires much computation time,
whereas a large step size may give a poor starting point in predictor and thus cause divergence in
corrector.

Various modified versions of CPF methods have been proposed to improve the accuracy and speed
of the CPF. In [6]-[8], the geometric parameterization technique is used. In [9]-[11], modified
predictor-corrector approaches are introduced. Techniques for controlling the step size are also
proposed in [9]-[11]. In [12], multiple power injection variations in the power system are modeled.

References [6]-[8] present an efficient geometric parameterization technique for the CPF from the
observation of the geometrical behavior of PF solutions. The Jacobian matrix singularity is avoided
by the addition of a line equation, which passes through a point in the plane determined by the
total real power losses and loading factor.

In [9], a singularity avoidance procedure is implemented around the SNBP. This method avoids
the computational complexities of the existing CPFs and overcomes the difficulty of how to



smoothly cross through the SNBP and continue tracing the lower part of the P-V curve. In [10],
the CPF with an adaptive step size control using a convergence monitor is proposed. It is shown
that this approach needs much less time and does not need the critical buses preselected. A
modified fast-decoupled power flow based CPF is reported in [11]. The use of a first-order
polynomial secant predictor, where the step size controlled using the Euclidean norm of the tangent
vector, reduces the number of iterations of the corrector step.

In[12], an improved CPF is proposed that allows the power injections at each bus to vary according
to multiple load variations and actual real generation dispatch.

2.2 HEM-based methods

Since holomorphic embedding method (HEM) can eliminate the non-convergence issues of those
traditional iterative methods, this advantage can be exploited to develop methods that can reliably
estimate the SNBP of a system. In [2] , four different HEM-based methods to estimate the SNBP
are proposed and compared in terms of accuracy as well as computational efficiency:

2.2.1 Power-Flow Search Method (PFSM)

In this approach, the PF equations are embedded in a non-extrapolating way such that the
formulation is only valid at o =1 and has no meaningful interpretation at any other value of a. A
binary search, which is similar to CPF, is performed until the SNBP is reached. This involves
solving multiple PF problems and is of the order of the complexity of the CPF. This approach is
computationally the most expensive method of the four proposed HEM-based methods [2].

2.2.2 Padé Approximant Search (PAS)

By using an extrapolation embedding formulation, the solution obtained at different values of a
can represent the solution when the loads and real power generation of the system are uniformly
scaled by a factor of a. Therefore, the PF problem only needs to be solved once to get the Padé
approximants (PA’s) and then, by using a binary search approach and evaluating the Padé
approximants for various o values, the SNBP is obtained [2].

2.2.3 Extrapolating Sigma Method (ESM)

The idea behind this method is to develop a two-bus equivalent network consisting of only slack
bus and one retained bus and use the so-called ¢ index to estimate the SNBP of the system. The
condition to ensure the system is short of or at its static voltage collapse point, called the ‘o
condition’, is given by:

1

Z+UR—0,220 (2.1)
With the proposed extrapolation formulation, o is obtained as a function of a. Then the SNBP of
the system can be estimated by evaluating the Padé approximates for all the o;(o) at escalating
values of « until the o condition is violated [2].
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2.2.4 Roots method

In this approach, the extrapolation formulation is used to estimate the SNBP using the poles and
zeros of the Padé approximates of an arbitrary bus. The smallest real zero/pole is taken as the load-
scaling factor at the SNBP. Unlike the method proposed in sections 2.2.1, 2.2.2 and 2.2.3, the roots
method does not involve any binary search process, which could be computationally expensive.
This method is shown to be the most efficient of all the HEM methods, provided a reference state
for the scalable-form power flow exists [2].

2.3 Measurement-based methods

The main idea of the local-measurement-based approach [13]-[18] comes from the impedance
matching concept of the single-port Thévenin equivalent circuit: The local voltage and local
current measurements are used to build a Thévenin equivalent representing the system as viewed
from the bus of interest. When the system is at the voltage collapse point, the Thévenin impedance
has the same magnitude as load impedance. The parameters of the Thévenin equivalent are
estimated using the least-squares method [13], [14], or Kalman filter method [18], or other
alternative methods [15], [16]. A comparative study of four Thévenin equivalent identification
methods was examined in [17]. Once the Thévenin equivalent parameters are obtained, a voltage
stability index is computed to track the voltage stability margin. Some other indices such as power
margin have been used in [14], [18] to provide information of how much load should be shed.

The wide deployment of phasor measurement units (PMU) has opened new perspectives for
developing wide-area measurement-based methods to estimate voltage stability margin [19]-[26].
Effort has been focused on building a more accurate models from measurements on all monitored
buses [21], [22]-[24]. Reference [22] provides a modified coupled single-port model for long-term
voltage-stability assessment (VSA). In [23], a quasi-steady-state model for the external injections
is constructed. A multiport Thévenin equivalent network has been built in [24] to better account
for the different limits on individual tie-lines connecting to the load area. A comparison of different
methods using local measurements or wide-area measurements to estimate the voltage stability
margin was completed in [26].



3. Local-Measurement-Based Methods of Steady-State Voltage Stability
Analysis

3.1 Local-measurement-based methods of estimating the steady-state voltage stability
margin

Local-measurement-based methods of estimating the steady-state voltage stability margin [13] -
[17], [19], [26], [36], [37], [38] and [39] use the load voltage and load current measurements at the
bus-of-interest to build a Thévenin equivalent network (assuming that the parameters of the The-
venin equivalent remain constant during the sampling period) as shown in Figure 3.1. Impedance
matching is then used to estimate the steady-state voltage stability margin [13] - [17], [19], [26],
[36], [37], [38] and [39].

Er, Vi

—0— — 3

Figure 3.1 Thévenin equivalent at the bus of interest

A minimum of two distinct phasor measurements each, of the load voltage and the load current
are needed to estimate the Thévenin network parameters. The equations used to estimate the Thé-
venin equivalent parameters are given by (3.1),

B~ 12 =V, 3.1)

where En is the Thévenin voltage, Zm is the Thévenin impedance, Vi is the load voltage and l; is
the load current. If perfect measurements are used, two distinct phasor measurements are sufficient
and the expression for the Thévenin equivalent parameters are given by (3.2) and (3.3) [36], [15].

ZTh :(Vl _Vz)/(lz - I1) (3.2)

Er, :(\/1|2 _V2I1)/(|z_|1) (3.3)

However, in the absence of perfect measurements, and with the changes in Thévenin parameters
due to changing system conditions, a larger number of measurements are required to obtain a rea-
sonable estimate of the Thévenin equivalent parameters, i.e. Eth = Ere+jEim and Zth = Rrn+jX7n
[13]. If one has K (K>2) number of phasor measurements of the voltage at bus i (Vi= Vre+}Vim)
and the load current at bus i, (li = Ire+jlim), the estimation of Et, and Zt» may be performed by
solving the overdetermined set of equations given by (3.4), which is a least-squares minimization
of the error.
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It is well known that, if the voltage source is constant and the load power factor is allowed to vary,
maximum real power is delivered to the load when Z = Zt,". For a load with a fixed power factor,
the maximum power is transferred to the load when |Ztn|=|ZL| (where |.| refers to the magnitude
operator), which can be derived as follows: (This well known proof is included as a variation of it
will be used to prove a similar result when HEM is used.)

Consider the load to be represented by an equivalent impedance Z. as shown in Figure 3.2.

!

Figure 3.2 Thévenin impedance and load impedance

The real power delivered to the load is given by:
2
P =|IL| R. (3.5)

The load current in the Thévenin equivalent network is given by:

E
| =——T
" Zn2)) 39)
Using (3.5) and (3.6), we get:
2 2
ETh |ETh|
=—" | R = R (3.7)
) ‘(ZTh—I_ZL) ) (RTh+RL)2+(XTh+xL)2 )




Assuming the power factor angle of the load, ¢, is kept fixed, the load impedance can be written
as:

Z, =R +jX_=R_+]R tan(p) (3.8)
Equation (3.7) can thus be written as:

_ |Em|*RL
(RTh + RL)2 + (XTh + R tan ¢)2

(3.9)

L

The derivative of P with respect to R. is given by (keeping in mind that Et, and Zm are assumed
to be constant):

dP,

drR,

|ETh|2 ((RTh + RL)2 +(XTh +R, tan 4’5)22

((RTh + RL)Z +(XTh +R, tan ¢)2>

2> R (2(Ry, + R, )+2(X,, +R, tan ¢)tan ¢)
(Rey +RU? + (X, +R tan )’ f

When the power delivered to the load is maximum, the derivative of P. with respect to R is zero.
Equating the right-hand side expression (RHS) of (3.10) to zero, we get:

(3.10)

_|ETh|

(RTh +R, )2 + (XTh +R,_ tan ¢)2

3.11
=R (2(Ry, + R, )+2(X;, + R, tang)tan ¢) (31D

Equation (3.11) can be expanded as follows:
R2 +RZ+2R. R + X2 +Rtan’ ¢+2X, R _tan¢ 612

=2R R;, +2R} +2R X, tang+ 2R} tan’ ¢

Equation (3.12) can be further simplified to get the final impedance magnitude matching condition
for a constant source connected to a fixed power factor load.

R2Z + X2 =R?+RZtan” ¢

~znlf =12 (3.13)
Sz =12



Hence once the Thévenin equivalent parameters are obtained, assuming the power-factor of the
load remains constant, the steady-state voltage collapse occurs when |Zt|=|Z.| [13], [37]. A com-
mon voltage stability index used is 1— |Zm|/|ZL|. When this index is closer to 1.0, the system is in
a stable operating region; whereas an index closer to 0 indicates that the system is close to steady-
state voltage collapse. Some researchers use the fact that at the SNBP, the voltage drop across the
Thévenin impedance is the same as the load voltage, i.e. Etn—V =V and thus define the voltage
stability index as |(Eth— V)/V| [41] or |V|/|ETh — V| [25], which when closer to 1.0. is indicative of
the system’s proximity to voltage collapse. Some other indices (using the same underlying princi-
ple of maximum power transfer) such as power margin have been used in [36], [14]. Wide-area
measurements have been proposed to be used wherein system-wide installed PMUs send their data
to a central computer and Thévenin equivalents are built at all the monitored buses to estimate the
voltage stability margin [50]. Multi-bus equivalent networks have been built using the measure-
ments in a load area to estimate the voltage stability margin in order to better account for the
different limits of individual tie-lines connecting the load area to the rest of the network [24], [38],
[43] - [45]. Effort has been focused on accurately estimating the Thévenin equivalent parameters
from measurements in [16], [46], [47]. A comparison of different methods using local measure-
ments or wide-area measurements to estimate the voltage stability margin has been performed, in
terms of their computational costs and the PMU coverage required to be able to reliably estimate
the SNBP using such measurement-based methods (including methods that involve building multi-
bus equivalent networks), in [26], [17].

It can be shown that the Thévenin impedance obtained from (3.2) is actually the incremental source
impedance (also known as differential impedance). The incremental source impedance Zgitt is given
by (3.14) where v is the voltage across the impedance and i is the current flowing through the
impedance.

dv v, —v
7. ——t_T2 N
diff dl i2 _il (314)

The voltage across the impedance and the current flowing through it can be substituted into (3.14)
to get:

_ (ETh _Vz)_(E h _Vl) _ (V1 _Vz)
diff = = (3.15)
(IZ_Il (IZ_Il)

It is seen from (3.2) and (3.15) that the measurement-based method calculates the incremental
source impedance. However, since the Thévenin source is assumed to be linear, its impedance is
the same as its incremental impedance. Additionally, the Ern calculated using (3.3) is not actually
the open-circuit voltage at the bus-of-interest as obtained from the full network. It is obtained using
only local measurements, without any information about the rest of the network and it will be
shown that the behavior of Eth calculated using (3.3) as the load increases can be counter-intuitive
in some cases wherein the |Etn| increases as the system load increases. Also the Zr obtained using
measurements is not the same as Voc/lsc, where Voc is the open-circuit voltage at the bus and Isc
is the short-circuit current at the bus. In fact it is quite likely that in the presence of nonlinear
injections, a power-flow problem will not have a solution if the bus-of-interest is short-circuited
and hence it is not possible to calculate the Isc. Additionally, since only local load measurements
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are used in this method, the power supplied by the Thévenin source is only sufficient to meet the
local load and the losses due to Zh, and hence the slack-bus power is not preserved in the Thévenin
equivalent.

It is observed that the behavior of the Eth and Zm, as the load increases depends on the bus-of-
interest. For example, if the IEEE 14-bus system is modified, such that all non-slack buses are PQ
buses with positive loads, the behavior of Zh and En as the load increases, is different at different
buses in the system. The two distinct pseudo-measurements necessary to calculate Zm at each load-
scaling factor A, are obtained by solving two power-flow problems when (a) all injections are
scaled by A and (b) all injections (used for the first measurement) are perturbed by 1% of their
respective base-case injections. The Newton-Raphson method (MATPOWER [34]) is used to
solve both power-flow problems using a convergence tolerance of 10 MVA. At bus number 4,
both |Zm| and |Erh| increase as the load increases (not considering VAr limits) as shown in Figure
3.3. Contrary to the behavior expected from the “open-circuit voltage”, as the load in the network
increases the magnitude of the Er increases, as mentioned earlier. The increase in Eth and Zm
compensate each other such that the voltage at the retained bus (bus number 4 in this case) de-
creases as the load increases which is expected. However at bus number 13, both |Zt| and |Etn|
decrease as the load increases (not considering VAr limits) as shown in Figure 3.4.

s |ZTh|, IEThl vs. load scaling factor

1.2F

'}

1.1

A

|Z,, |- bus 4
1 IE, | bus 4 1

pu
o
0w
T
1

=
oo
T
!

=

-]
T
L

o
=}
T
L

A L 1 L

DE A L 'l L | J
1 102 104 1068 108 11 112 114 116 118 1.2

Load scaling factor

Figure 3.3 |Zm| and |E7| at bus number 4 vs. the load-scaling factor when generator VAr limits
are ignored
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Figure 3.4 |Zm| and |E7| at bus number 13 vs. the load-scaling factor when generator VAr limits
are ignored

The angle of Zrn does not necessarily increase/decrease uniformly with load as shown in Figure
3.5 where the angle of Ztn at bus number 13 is plotted against the load-scaling factor. This causes
the real part of the Zm to initially decrease as the load increases and then start increasing after a
certain point as shown in Figure 3.6.
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Angle of ZTh at bus number 13
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Figure 3.5 Angle of Z7; at bus number 13 vs. the load-scaling factor when generator VAr limits
are ignored
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Figure 3.6 R at bus number 13 vs. the load-scaling factor when generator VAr limits are ig-
nored
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Thus, no general conclusions can be drawn about the behavior of Zt, and Em as the system load
increases, except that the behavior of Zmh and Etn are similar at a given bus.

In order to estimate the steady-state voltage stability margin, the |Z.| and |Zm| are plotted on the
same graph as shown in Figure 3.7. It is seen that as the load-scaling factor increases, the |Z.| and
|Zth| approach each other and are very close to each other at the SNBP which occurs at A= 1.2009
obtained using CPF. In order to ensure that the simulation was able to approach the SNBP as
closely as possible, the step-size of the load-scaling factor A was reduced from 0.01 to 0.001 after
A =1.15. The |Z| and |ZT| at all buses are very close to each other at the SNBP and Figure 3.7 is
a representative plot.

|gh| and |ZL| vs. the load-scaling factor
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Figure 3.7 Magnitude of Z; and Z7, at bus number 13 vs. the load-scaling factor when generator
VAr limits are ignored

In the following section, the effect of discrete changes on the purely local-measurement-based
methods of estimating the SNBP will be demonstrated.

3.2 Effect of discrete changes on local measurement-based methods of estimating the
steady-state voltage stability margin

In order to demonstrate the effect of discrete changes on local measurement-based methods of
estimating the steady-state voltage stability margin, the IEEE 14-bus system as shown in Figure
3.8 is used.
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Bus 13

Bus 12 Bus 14

Bus 11

Figure 3.8 IEEE 14-bus system [40]

3.2.1 Effect of generator VAr limits

The impact on the estimated Zm, for the 14-bus system from generators being forced to be on their
VAr limits, is shown in Figure 3.9, in which the magnitude of Zr» seen at bus number 4, is plotted
against the load-scaling factor which scales all the loads and real-power-generation in the system.
The two distinct pseudo-measurements necessary to calculate Zm at each load-scaling factor A,
were obtained by solving two power-flow problems when (a) all injections were scaled by A and
(b) injections of the PQ buses (used for the first measurement) were perturbed by 0.01% of their
respective base-case injections. The Newton-Raphson method (MATPOWER [34]) was used to
solve both power-flow problems using a convergence tolerance of 10° MVA. It is seen from Fig-
ure 3.9 that the measurement-based Thévenin impedance increased in magnitude each time a gen-
erator was forced to be on its VAr limit, with the discrete increase becoming larger as the number
of generators with available VVAr capabilities reduced. For this system, up to a 11.65% increase
was seen in |Zm| when any one of the generators reached its respective VAr limit. The SNBP
obtained using CPF (MATPOWER [34]) for this system occurs at a load-scaling factor of 1.7780.
In order to ensure the simulated results were able to approach the SNBP as closely as possible, the
step-size of the load-scaling factor A was reduced from 0.01 to 0.0001 beyond A = 1.7 and the
perturbation added to get the second measurement was also reduced from -10"* to -10®. The last
point at which two measurements were successfully obtained was at A = 1.7779.
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Figure 3.9 Magnitude of Zz, vs. the load-scaling factor when generator VAr limits are respected

It was observed that as the load-scaling factor increased, the Etn at bus number 4 had a similar
behavior as that of Zm. This is shown in Figure 3.10 where the magnitude of Em is plotted along
with the magnitude of Zr (with the magnitude of Zm being shifted such that |Eth|=|Zth-shifted| at A =
1.0).
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Figure 3.10 Magnitude of E7, and the “shifted” Z7 vs. the load-scaling factor
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The proximity of the generator that reaches its VAr limit to the bus-of-interest is expected to play
an important role in determining the extent of its impact on the |Zm| obtained using local measure-
ments at the bus. This can be seen from the percent increase in |Ztn| observed at buses 11, 12 and
13 when different generators reach their maximum VAr limits, tabulated in Table 3.1. For instance,
the order of buses that are electrically closest to farthest from bus number 8 are buses 11, 13 and
12. Correspondingly, the order of buses that see the largest to smallest impact on the |Zm| when
the generator at bus 8 reaches its maximum VAr limit is also 11, 13, 12. Similarly, the order of
buses that are electrically closest to farthest from bus 6 are buses 13, 11 and 12 and this matches
the order of the buses with the largest to smallest increase in |Zt| when the generator at bus 6
reaches its maximum VAr limit. However one cannot expect a perfect one-to-one correspondence
between the order of buses that are electrically closer to a generator and the order of buses that see
the largest impact of that generator’s VAr limit being reached, in all meshed systems. However,
buses that are electrically close to a generator reaching its VAr limit are generally expected to
undergo a larger change in |Zr| than those that are significantly farther. It is also observed that the
following trend holds true at all buses: as more generators reach their VAr limits, the percent in-
crease in |Ztn| caused by imposing these var limits increases.

Table 3.1 Percent increase in |ZTh| due to VAr limits observed at different buses

Bus number of genera- Bus-of-inter- Bus-of-in- Bus-of-in-
tor going on VAr limit est: 11 terest: 12 terest: 13
Bus 2 0.7% 0.86% 0.81%

1.13% 1%
Bus 3 0.77%

4.65% 5.31%
Bus 6 5.21%

5.65% 5.68%
Bus 8 5.9%

The impedance magnitude matching theorem is seen to hold true (as it should) even in the presence
of VAr limits, as shown in Figure 3.11 where the |Z.| and |Zm| are plotted on the same plot, with
the bus-of-interest being bus number 4. It is seen that as the load-scaling factor increases, the |Zy|
and |Ztn| approach each other and are very close to each other at the SNBP. The small gap between
the two at the last point can be attributed to the inability to obtain a converged power-flow solution
at two loading conditions that are very close to the SNBP, and also to the approximation involved
in assuming that the Thévenin source remains constant over the window of measurements.
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Figure 3.11 Magnitude of Z; and Z7;, at bus number 4 vs. the load-scaling factor when generator
VAr limits are respected

It is well-known that if the generator reactive power capabilities are not taken into consideration,
the estimated SNBP can be very non-conservative. The |Zm|, with and without VAr limits being
considered, is plotted against the load-scaling factor (varying from the base-case through to the
respective SNBPSs) in Figure 3.12. It is seen that the net increase in the magnitude of the Thévenin
impedance due to VAr limits is 154% and that there is a growth factor of 2.2556 between the
estimated SNBP without VAr limits over that with VVAr limits. Thus, if purely local-measurement-
based methods are used to estimate the steady-state voltage stability margin when none of the
generators are on VAr limits (for example at A = 1.0), the estimated margin will be very non-
conservative as one cannot predict, based purely on only local measurements, if and when different
generators will be forced to be on their respective VAr limits.
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Figure 3.12 Magnitude of Zz, vs. the load-scaling factor with and without VAr limits

Thus, using purely local measurements, one cannot predict all the changes in the magnitude of Zt,
which makes continuous monitoring and updating of local-measurement-based models necessary.
More than just local measurements are necessary in order to foresee such discrete changes in the
system. This thought is echoed in [42] where information about generator field currents in the
system is used to anticipate the activation of over-excitation limiters for generators.

3.2.2 Effect of other discrete changes

In order to judge the impact of other discrete changes in the system such as tap changes, the |Z|,
|Z| and |ETn| before and after the following discrete changes are noted:

1. Increasing tap of the transformer between buses 4 and 7 from 0.978 to 1.0.
2. Increasing phase-shift of the transformer between buses 4 and 7 from 0° to 5°.

3. Increasing phase-shift of the transformer between buses 4 and 7 from 0° to 30°. (While
such a dramatic discrete change is not expected to occur in a short span of time under
typical operating conditions, this change was simulated to observe the extent of the effect
that phase-shifting transformers can have on |Zz|.)

4. Switching off a 19 MVAr capacitor bank on bus 9.

The percent change in |Z.| and |Zm| caused by each of the above discrete changes is shown in
Figure 3.13 and Figure 3.14 respectively. It is seen that in the case where the |Z.| increases due to
a discrete change, |Zm| also increases, with the increase in |Zm| being slightly more than the in-
crease in |Z|. This causes the SNBP to be slightly reduced. Likewise, in the cases where |Z,| de-
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creases, |Ztn| either increases slightly or also decreases but the decrease in the |Z(| is more pro-
nounced than that in |Z|, which again leads to a reduction in the estimated SNBP. It is seen from
Figure 3.15 that an increase/decrease in the |Zm| is also accompanied by an increase/decrease,
respectively, in |Eti| (except at buses 4 and 7 when the phase-shift of the transformer is increased
to 5°, in which case the percent change in |Zm| is very small). The effect of the discrete changes
on the estimated SNBP is shown in Figure 3.16, where it is clearly seen that the 30° phase shift of
the transformer causes the highest reduction in SNBP, however this is a dramatic change which is
not expected to occur in a single step in the field.

The goal of this analysis was to determine which types of discrete changes had the greatest effect
on the SNBP. It is seen that the effect of discrete changes such as tap changing and phase changing
on the estimated SNBP is not as pronounced as the effect of bus-type switching, for the system
tested.

Percent difference in |Z,|: IEEE 14-bus
system

- II m_
-2

-10
Increase tap 4-7 from Change phase 4-7 Change phase 4-7 remove the 19 MVAr
0.978to 1.0 from O to 5 degrees from O to 30 degrees cap bank at bus 9

M Bus observed: 4 B Bus observed: 7 (with a load added at the bus) = Bus observed: 9

Figure 3.13 Effect of other discrete changes on Z;
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Figure 3.14 Effect of other discrete changes on Z7

Percent difference in | E;, |: IEEE 14-
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Figure 3.15 Effect of other discrete changes on E7,
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Figure 3.16 Effect of other discrete changes on estimated SNBP

3.2.3 Limit-induced bifurcation points

Another phenomenon that cannot be foreseen based on local measurements alone, is the occur-
rence of a limit-induced bifurcation point. A limit-induced bifurcation point occurs when a physi-
cal limit such as generator VAr limit is reached, and the system loses its steady-state stability
despite the Jacobian being non-singular at the point [48]. In fact, the system changes such that one
of the eigenvalues of the Jacobian has a positive real part when the limit is encountered, indicating
that the operating point is unstable [48]. In other words, the equilibrium point obtained for the
operating condition when a generator reaches its VAr limit, coincides with the unstable equilib-
rium point (low-voltage solution) for the system if the generator had been modeled as a PQ bus to
begin with [3], [48], [49]. Due to the operating point being unstable at least momentarily, the
likelihood of the system experiencing voltage collapse due to the inevitable small disturbances is
at least as high as the possibility of the system converging to a nearby stable equilibrium point
[48]. If only local measurements are used, one cannot foresee the occurrence of limit-induced bi-
furcation points. It is important to note here, that in the numerical experiments reported in [32],
with test systems of sizes varying from 14 buses to 2158 buses, the limit induced bifurcation points
occurred very close to the SNBP and thus the differences between the loadability limits with or
without limit-induced bifurcation points were negligible for all systems tested. Since power sys-
tems are not allowed to operate at such high load levels (such that the system is very close to its
SNBP), limit-induced bifurcations are possibly not a concern for system operators and this may be
more of a theoretical concern than a practical one. However, the results from [32] do not preclude
the possibility of such a phenomenon occurring at lower loading levels i.e., theoretically there is
no guarantee that a limit-induced bifurcation will always occur only at higher loading levels [48].
If they occur at moderate loading levels, not accounting for them could lead to a larger difference
in the loadability margin.
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In short, in the presence of discrete changes in the system (which indeed occur in all power sys-
tems), voltage stability margin predictions should use both system-based models and local-meas-
urement-based models: the local-measurement-based models should be used to inform and correct
the system-based models.

3.3 Validation of pseudo-measurements obtained using HEPF

It has already been shown that the holomorphic-embedded power flow (HEPF) algorithm can be
used to solve power-flow problems and that the solution obtained using HEPF for a given power-
flow problem matches that obtained using NR, with the extent of the difference between the two
solutions depending on the convergence tolerance used for NR and the number of terms used for
HEPF. Since the measurement-based methods calculate the Thévenin voltage and impedance using
the voltage and current measurements at the load bus, it naturally follows that the Thévenin voltage
and impedance obtained using pseudo-measurements calculated using HEPF (by solving two
power-flow problems as explained in section 3.1) will match those obtained when NR is used to
obtain the pseudo-measurements. This is shown in Figure 3.17 where the |Z.| and |Zth| obtained
using NR and HEPF are plotted against the load-scaling factor for the 14-bus system, with the bus-
of-interest being bus number 4. It is seen that the |Z.| and |Ztn| obtained using HEPF match those
obtained using NR. A total of 61 terms were used for the HEPF method and a convergence toler-
ance of 10°° MW was used for the NR method. Generator VAr limits were not considered for this
test; however, as long as the same set of buses are on maximum and minimum VAr limits respec-
tively, the Z_ and Zm obtained using pseudo-measurements using HEPF are expected to match
those obtained using NR.

Validation of |Z|_| and |ZTh| using HE for pseudo-measurements
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Load scaling factor (a for HEM)

Figure 3.17 Validation of HEPF pseudo-measurements
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3.4 Developing a Thévenin-like network using HE reduction

Two-bus equivalent networks for distribution systems that preserve the bus voltage at the retained
bus theoretically exactly as long as the load changes along a pre-defined direction have been
demonstrated [27]. Multi-bus reduced-order networks for larger meshed systems have been devel-
oped in [27], which preserve the voltages at all the retained buses and preserve the system SNBP
as long as the load changes along a pre-defined direction. Similar to the HE reduction for distribu-
tion systems, the HE reduction for meshed systems also involves solving the full-network power-
flow problem using HEPF before proceeding with the network reduction. HE reduction is essen-
tially a nonlinear variation of Ward reduction wherein the injections at the boundary buses are
nonlinear functions of « instead of being obtained using linearization at the base case. The topology
of the reduced network and the network parameters of the reduced network are the same as those
obtained from Ward reduction. HE reduction for meshed systems has been demonstrated on the
14-bus and 118-bus IEEE test systems and a 6057-bus ERCOT system, with approximately a 50%
reduction in the network size [27]. Using HE reduction, reduced-order networks can also be built
that are structurally similar to the Thévenin networks described in section 3.1, but are nonlinear,
i.e., a nonlinear voltage source connected to the load through a constant series impedance, i.e., a
series impedance that is not a function of loading level. How would one build such nonlinear Thé-
venin-like networks and use them to estimate the SNBP will be investigated in the rest of this
section 3.4. The advantage of building such a nonlinear network would be that if measurements
are eventually used to build the Thévenin-like network, it may better capture the nonlinear behav-
ior of the original system. Fitting a polynomial function to the voltage function at the bus-of-inter-
est using measurements, can also give more information about the expected voltage at that bus
under different operating conditions.

3.4.1 Steps involved in obtaining the Thévenin-like network

Consider a simple four-bus system as shown in Figure 3.18 with the bus-of-interest being bus
number 3 (i.e. the farthest bus from the slack bus). The parameters for this system are provided in
Table 3.2.

Vo Vi(a) V(o) V3(a)
_@ Zsource ‘I‘ Z, ‘i:_‘zz 4|<_‘
= Slack )
aS,=aP,+jaQ, aSz=aPs+jaQs

Figure 3.18 Four-bus system
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Table 3.2 System parameters for four-bus system

Parameter name Value Parameter name Value
S, 50.0 + 10.0j (MVA) Zsource 0.01j (Q-pu)
S 10.0 + 5.0j (MVA) Vo 1.0 pu

Z; 0.01 + 0.1j (Q-pu) MVAgase 100 MVA
Z; 0.02 + 0.2j (Q-pu)

The first step to obtain the Thévenin-like network is to reduce the original system to a three-bus
network as shown in Figure 3.19, obtained by eliminating bus number 2 using HE reduction. The
current injection at bus number 2, I2(«) is given by:

()= ?s; (3.16)

Vv, (")

The functions I1 2(a) and I3 2(a) represent the parts of the external (nonlinear) current injections
(i.e., I2(a)), that are moved to the boundary buses, i.e., bus 1 and bus 3, respectively, for this sys-
tem. The reason bus 1 is retained in the reduced network (and this is important) is to avoid a part
of the external current injection being moved to the slack bus, since the system effects of such a
current source (in parallel with a voltage source at the slack bus) are lost and the model, therefore,
becomes incorrect. Note that at this stage, the slack bus power in the reduced network is the same
as that in the original full network.

Vo Vi(a) Vi(a)
®+ Zsource ‘IT zWard
—— Slack aSz;=aPs;+jaQ;
1 2(a) I3 2(a)

Figure 3.19 HE-reduced network

Once a network with a structure as shown in Figure 3.19 is obtained (and this topology is what we
will obtain even for more complex network reductions), we need to transform it into a Thévenin-
like network. The first step in doing this is to convert the voltage source at the slack bus to a Norton
source as shown in Figure 3.20.
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Vi(a) Vs(a)

Zsource ZWard

aS3;=aPs+jaQs
VO/Zsource Il—Z(a) |3_2((1)

Figure 3.20 Step1 of getting a Thévenin-like network from the HE-reduced network

Though Thévenin-Norton conversions have been shown to be strictly valid for only linear systems,
one can show that the conversion shown in Figure 3.20, preserves the load voltage and current
profiles. The net current flowing into bus 1 in the reduced network shown in Figure 3.19 should
be zero and is given by lin_1:

_Vo-Vile), Vy(a)-Vi(e) (317)

Iin 1
- ZSource - ZWard
The current flowing into bus 1 in the network shown in Figure 3.20 is:

| - M+V_o+|l z(a)+V3(0!)—V1(0!)

in_1_stepl — 7 (318)

Source Source ZWard

Note that the current injection into bus 1 is the same in both networks as seen from (3.17) and
(3.18). Clearly the net injection into bus 3 is also the same in both networks. Hence the load voltage
and load current are preserved in this Thévenin-Norton conversion. Given that the roots of the
voltage Padé approximants provide a tight upper bound on the SNBP, and that the voltage series
in the two networks is the same, it follows that the SNBP of the network is preserved after such a
Thévenin-Norton conversion. The net current injection at bus 1 in Figure 3.20 can then be con-
verted to a voltage source using a Norton-to-Thévenin conversion, as shown in Figure 3.21.

V0+|1_2(a)zsource Vl(a) Vg((l)

_@ Zsource ‘I‘ ZWard 4‘|<_‘

aS;=aPs+jaQs
I3 2(at)

Figure 3.21 Step-2 of getting a Thévenin-like network from the HE-reduced network

It can be shown that this Norton-Thévenin conversion preserves the load voltage and current de-
spite the nonlinear nature of the source. The current flowing into bus 1 in Figure 3.21 is given by:

24



V, +1 VA -V -
1 st _ 0+ 1_2(62) Source 1(a)+V3(0{) Vl(a) (319)

Source ZWard

Note that the current injection into bus 1 is the same in the networks shown in Figure 3.20 and
Figure 3.21 as seen from (3.18) and (3.19). Hence the load voltage, load current as well as the
system SNBP are preserved through the Norton-Thévenin conversion. The voltage source can then
be converted again to a current source (again while preserving the load characteristics and the
system SNBP as shown earlier) as shown in Figure 3.22.

Vs(a)
[ (Zsource +ZWard)

1 s

— oS;=aP;+joQ;

I3 5(at)
(VO"'I1_2(a)zsource)/(zsource +zWard) -

Figure 3.22 Step-3 of getting a Thévenin-like network from the HE-reduced network

The net current injection at bus 3 can then be converted back to a voltage source, as shown in
Figure 3.23, which is the Thévenin-like network consisting of a variable voltage source Vsource(a),
connected to the bus-of-interest through a constant impedance.

V0+|1_2(a)zsuurce +|3_2(a)(zsuurce +zWard) V3(a)

_®+ (Zsource +zWard)

—— aS;=aP3;+jaQs

Figure 3.23 Final step of getting a Thévenin-like network from the HE-reduced network

Note that when such Thévenin-Norton conversions are performed, the slack bus power is no longer
preserved, i.e., it does not match the slack bus power from the full network. Additionally, similar
to the measurement-based Thévenin equivalent, the source voltage, Vsource(a), IS not the open-cir-
cuit voltage at the bus-of-interest (if the uniform scaling HEPF formulation is used). If evaluated
at o=0, it represents the voltage the bus-of-interest when all the buses in the network are open-
circuited. One can use the direction-of-change scaling formulation to scale the load only at the
bus-of-interest, in which case Vsource(r) evaluated at «=0, represents the open-circuit voltage at the
bus-of-interest. The formulation that one uses to solve the power-flow problem for the whole net-
work depends on the study one wants to perform with the reduced model. Hence depending on the
assumptions one makes about the full-model load behavior, one should choose an appropriate scal-
ing formulation. The series impedance of the nonlinear Thévenin-like network is not the same as
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Voc/lsc either, it is simply the series combination of Zsource and the impedance obtained from Ward
reduction i.e. Zward. Since the loads are modeled as nonlinear current injections, it is not surprising
that the series impedance is a constant that is independent of the system loading condition. Instead,
it is Vsource that is a function of « since it is dependent on the external current injections.

While a simple radial 4-bus system was used to explain the approach for arriving at the Thévenin-
like network, no inherent assumptions are made that would restrict this approach to radial systems.
Results will be demonstrated on the meshed 14-bus system in the following sections.

Numerically validating the foregoing approach is an important component of the research ap-
proach. In order to validate the foregoing Thévenin-like network with a nonlinear voltage source,
obtained using HE reduction, the power-flow problem is solved for this reduced network to obtain
the voltage at the retained bus. The voltage solution obtained from the reduced network is com-
pared with the full network solution for the four-bus system at different load-scaling factors up to
the SNBP (estimated at load-scaling factor = 5.0243, using CPF). It was seen that the voltage
solution from the Thévenin-like network matched that obtained from the full network at all loading
levels as shown in Figure 3.24 and Figure 3.25 in which the voltage magnitudes and voltage angles
for the full and reduced networks are plotted against the load-scaling factor. The magnitude of the
difference between the voltage at the retained bus obtained from the full network and that obtained
from the Thévenin-like network is plotted against the load-scaling factor in Figure 3.26. It is seen
that the difference is on the order of 10 pu at load levels that are not too close to the SNBP.

Valid1altion of voltage magnitude at the bus-of-interest in the reduced network
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\ — IVBFunl
09+ -V

3Reduced! | ]

Figure 3.24 Voltage magnitude from Thévenin-like network and full network, 4-bus system
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Vaéidation of voltage angle at the bus-of-interest in the reduced network
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Figure 3.25 Voltage angle from Thévenin-like network and full network, 4-bus system

Magnitude of difference between voltages from the full and reduced networks
10° ; . . . . ! |

10-5 L

10-10 R -

10-15 -

Magnitude of difference between voltages

10'20 L
1 1.5 2 2.5 3 3.5 4 4.5

Figure 3.26 Difference between the voltage magnitudes obtained from the Thévenin-like network
and the full network, 4-bus system

For a second test case, the IEEE 14 bus system was used. Similarly, the voltage solution from the
Thévenin-like network matched that obtained from the full network for the 14-bus system at all
loading levels through to the SNBP (estimated to be at load-scaling factor = 4.012, using CPF) as
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shown in Figure 3.27 and Figure 3.28 in which the voltage magnitudes and voltage angles are
plotted respectively for the full and reduced networks against the load-scaling factor, with the bus-
of-interest being bus number 4. Note that an additional bus, ‘bus 0’ was added to the system and
made the slack bus in the new system, connected to the original slack bus (bus number 1) in the
IEEE 14-bus system via the series impedance Zsource (assumed to be 0.01j), thus making the total
number of buses 15. This system will be referred to as the modified 14-bus system in the rest of
the document. The magnitude of difference between the voltage at the retained bus (bus number
4) obtained from the full network and that obtained from the Thévenin-like network for the modi-
fied 14-bus system is plotted against the load-scaling factor in Figure 3.29 and it is seen that the
differences are very low. The gaps in the plot represent loading levels where the error was exactly
zero, when using Matlab’s double precision arithmetic.

\{aolgdation of voltage magnitude at the bus-of-interest in the reduced network
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Figure 3.27 Voltage magnitude from Thévenin-like network and full network, modified 14-bus
system
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Vali%ation of voltage angle at the bus-of-interest in the reduced network
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Figure 3.28 Voltage angle from Thévenin-like network and full network, modified 14-bus system
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Figure 3.29 Difference between the voltage magnitudes obtained from the Thévenin-like network
and the full network, modified 14-bus system
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Since the voltage at the retained bus from the Thévenin-like network matches that obtained from
the full network, it follows that the local-measurement-based Thévenin network parameters ob-
tained using (3.2) from the reduced network would match that obtained from the full network. This
is shown for the modified 14-bus network in Figure 3.30 where the |Z.| and |Zm| obtained from the
full system and the Thévenin-like network for bus number 4, are plotted against the load-scaling
factor. It is seen that the |Z.| and |Z| obtained from the full network match those obtained from
the Thévenin-like network.

Validation of |ZL| and |ZTh| at the bus 4 in the reduced network
22 T T T T T T

Th-FuIII

Th-ReduDBdI

4.5

Figure 3.30 Validation of pseudo-measurements from the Thévenin-like network

One aspect of the Thévenin-like network obtained using HE reduction is the behavior of the volt-
age source as the system load increases. It was shown in section 3.1 that if the IEEE 14-bus system
is modified, such that all non-slack buses are PQ buses with positive loads, at some of the buses
the Eth increases as the load increases, which is counter-intuitive. For the modified 14-bus system
with an additional slack-bus “0’, if all possible (14) two-bus nonlinear Thévenin equivalents are
generated, it is shown in Figure 3.31, that the magnitudes of the voltage sources in the nonlinear
Thévenin-like networks decrease as the load increases. Similar decreasing behavior was also ob-
served for the IEEE 14-bus system with PV buses.
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3.4.2 Impact of modeling loads as nonlinear currents or nonlinear impedances

In the numerical results demonstrated in section 3.4.1, the loads were modeled as nonlinear current
injections. However, it is possible to model the loads as nonlinear impedances as well. This can be
shown by replacing Iz 2(a) (the external current injection at bus 3) in Figure 3.21 by an equivalent
nonlinear impedance given by (3.20) as shown in Figure 3.32.

Z3_2(0£) == |\3/32(?02) (3.20)
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Vi(a)

— (Zsource +ZWard)

= ’_ <_| aS;=aPs+jaQ;
Z; 5(a)

L

Figure 3.32 Load modeled as nonlinear impedance in step-3 of getting a Thévenin-like network

(V0+|1_2(a)zsource)/(zsource +ZWard)

The effective series impedance in the resultant Thévenin-like network is then a parallel combina-
tion of Z3 2(a) wWith (ZsourcetZward). The Thévenin-like network will appear as shown below.

{(Vo+|3_2(a)zsource)/(zsource +ZWard)}* V3(U.)

{23_2(0) | I (Zsourc& +Zyay i)}
{23_2(“-) I | (Zsource

+ZWard)}

_ OLS3=OLP3+jOLQ3

Figure 3.33 Load modeled as nonlinear impedance in step-3 of getting a Thévenin-like network

Note that in the above network, the voltage source as well as the series impedance as nonlinear
functions of a. The current flowing into bus 3 in the above network is given by:

in_3_nonlinearz
(Vo + |1_2(a)ZSOurce)*{ (ZSource + ZWard)' Z3_2(0‘) } v ( )
(Z source T ZWard) (ZSource +Zyarg T 23, (0!)) a
{ (Zsoure * Zura)- z“(a)} (3.21)
(ZSOUH:e +Zyag+ Ly, (0‘))
oS,

+ * *
V;la

By substituting the expression for Z3 2(a) from (3.20) into (3.21), one gets
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in_3_nonlinearZ

(VO + |1_2(a)ZSource) Vg(a) OCS;

= — + < =
(ZSource + ZWard) (ZS N ZW d) ( V3 (a)) V3 (C( )
ource ar 3 2(05)

(3.22)

5 2(0‘

By further simplification of (3.22) as given below, one can show that the net current flowing into
bus 3 in the network given by Figure 3.33 is the same as that in the network given by Figure 3.23.

lin_3_nontinearz
_ (Vo + |172(a)250urce)_ V3(0l) as,
) (ZSOUVCS_'_ ZWafd) { (ZSource Ward) ( V3(a)) } V3*(a*)
((Z source T Ward) (a) Vs (0‘ ))
_ (Vo + Il_z(a)zsource)+ ((ZSource Ward) ( ) Vs, a))
B (ZSOurce + ZWard) ( source T ZWard) Vs* (a*)
(Vo +1 2(a)ZSource_V3(a)) aSy

= = |
(ZSource+ZWard) ' 3_2(06)_’—V3* 6!*

(3.23)

This was tested numerically on the modified 14-bus system by solving the power-flow problem
for the network given by Figure 3.32 with a nonlinear impedance at the retained bus and it was
observed that the voltage series at the bus-of-interest matched the voltage series of that bus from
the full-network solution, with an accuracy of the order of 10** and the system SNBP was pre-
served as well. This shows that it is not necessary to model the loads as nonlinear current injections
that are functions of a but the loads can also be modeled as nonlinear shunt impedances. Given
that both the models can be used, there is no obvious motivation to model the loads as impedances
because that would make the admittance matrix a function of a, thus making the network reduction
very complicated and computationally expensive. Additionally, since the source voltage as well as
impedance are nonlinear in this case, if the Maclaurin series are to be estimated using local voltage
and current measurements, one would need to fit two 40" degree polynomials (the degree of the
polynomials would depend on the number of terms needed to accurately estimate the SNBP and
40 is an empirically obtained approximate number) instead of one polynomial. This would make
the process more complicated and prone to inaccuracies, particularly in the presence of noisy meas-
urements. Hence, while there is no compulsion to do so, it is recommended that the loads be mod-
eled as nonlinear current injections for ease of computation.

3.4.3 Arbitrary Thévenin-like networks

As demonstrated in section 3.4.1, depending on how the loads are modeled (nonlinear current
injections or nonlinear shunt impedances), one can get different Thévenin-like networks, while
still preserving the voltage at the load bus and the system SNBP. In fact, one can even model some
of the loads as nonlinear shunt impedances and the rest as nonlinear currents. This flexibility can
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be extended to fixed shunt impedances as well. The traditional way of modeling fixed shunts is to
keep them as constants in the admittance matrix while performing the reduction, which would
result in fixed shunt impedances appearing in the reduced network. The other way of modeling
fixed shunt impedances is to model them as nonlinear current injections given by -YshuntV(ex) before
performing the reduction (keeping in mind that all the voltage series from the full network are
available before performing the reduction). This would result in a reduced-order network that
doesn’t have any shunt impedances. Thus there are an infinite number of ways in which some/all
the shunt impedances (or even parts of the series impedances if one so desires) can be modeled as
nonlinear current injections by suitably multiplying them by the voltage series before performing
the HE-reduction. This implies that there are an infinite number of different Thévenin-like net-
works that can be obtained for any given system. The implication that this has on using measure-
ments to build the Thévenin-like networks is that, one can arbitrarily choose a value for the series
impedance and fit the series for the source voltage such that the load behavior at the bus-of-interest
is preserved. In order to prove that this can be done, consider a three-bus network obtained using
HE-reduction as shown in Figure 3.19, where only the series impedances were retained in the
admittance matrix and the shunt impedances were modeled as nonlinear current sources to yield
the model of Figure 3.19. The Thévenin-like network would consequently not have any shunt im-
pedances and would appear as shown in Figure 3.23. One can add a shunt impedance at bus 1 to
the network shown in Figure 3.23 along with a compensatory current injection as shown in Figure
3.34.

Vo Vi(a) Vs(a)
( ) ‘ Zsv:)urce | ZWard
3 Slack ‘ aS;=aP;+joQs
Yadd I1_2(a)+YaddV1(a) |3_2(q)

L

Figure 3.34 Shunt impedance and compensatory shunt current added at bus 1.

Note that since the additional shunt impedance is negated by an equivalent injected current, the
bus voltages and current flows in the network are still preserved. The effective input impedance of
the above network is then given by:
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ZAseries = Zsource ” (1/Yadd )+ ZWard

= 1— + ZWard

Zsource ' Yadd (324)
— Zsource 7

1+Yaddzsource Herd

Since the additional shunt impedance can be arbitrarily chosen, this implies that the effective
source impedance Zseries can also be arbitrary and the nonlinear source voltage will then ensure that
the load voltage and current characteristics are preserved. One can reverse engineer the above
process to calculate the additional shunt impedance one needs to add on to bus 1, Zadd =Yadd™ given
by (3.25), in order to get the desired value of effective source impedance, Zdesired.

7 _ Zsource(zdesired B ZWard)
add —

(Zsource + ZWard - Zdesired) (325)

This was verified numerically on the four-bus and 14-bus systems where the source impedance
was arbitrarily forced to be 0.01+0.1j and the necessary shunt impedance calculated from (3.27)
and compensatory current was added at bus 1. The voltage series of the bus-of-interest obtained
by solving the power-flow problem for this reduced-order network was the same as that from the
full-network with an accuracy on the order of 1074, Thus, one can arbitrarily choose a value for
the series impedance and fit the series for the source voltage using measurements such that the
voltage at the bus-of-interest is preserved and such a model will preserve the system SNBP. Ex-
pectedly, if one chooses the series impedance value to be the measurement-based Zt, from section
3.1, that value of Vs(a), evaluated at that particular loading-level, matches the measurement-based
Etn with an accuracy of 10°. This shows that the measurement-based Thévenin equivalent net-
work, is obtained by linearizing one of the infinitely-many nonlinear Thévenin-like networks about
the base-case operating point.

3.4.4 Maximum power-transfer condition in the presence of a variable voltage source

It is known that if the voltage source and impedance are constant, the maximum power transfer to
the load occurs when the magnitude of the load impedance is equal to the magnitude of the source
impedance, i.e., |Zsource|=|ZL|. However, the Theévenin-like network developed in section 3.4 has a
voltage source that is a function of the load-scaling factor «. Hence the assumption of a constant
source is no longer valid, consequently the condition [Zsource|=|ZL| is N0 longer true at the maximum
power transfer point. This is shown in Figure 3.35, in which the magnitude of the load impedance
and the magnitude of the source impedance is plotted against the load-scaling factor, a. It is seen
that there is a significant difference between the magnitude of the source impedance and the load
impedance even at the SNBP which occurs at o = 4.012 obtained using CPF. Note that the source
impedance remains constant as the system load increases, which is expected.
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|ZL(a)| and |ZSoume| vs. « for the 14-bus system, bus-of-interest: bus number 10
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Figure 3.35 |Z1(a)| and |Zsource| vs. a for the modified 14-bus system

Since the end goal is to use nonlinear HE-reduced networks to estimate the voltage stability mar-
gin, it is important to derive the condition at which maximum power transfer will occur. While
one can use the roots (poles/zeros) of the voltage series, it is not clear as to which method would
work the best when building the networks using actual noisy measurements. Hence it is important
to have alternatives such as the maximum power transfer theorem for nonlinear networks. Using
the same approach as that used for linear networks, i.e., equating to zero the derivative of the real-
power transferred to the load w.r.t. to the load resistance, the appropriate condition can be derived
as described below.

The power delivered to the load in the Thévenin-like network shown in Figure 3.23, is given by
(3.26) which is similar to (3.9), with the only difference being that Ern is replaced by Vs(a) which
is the nonlinear voltage source in the Thévenin-like network and Rrh ,Xtn are replaced by Rs, Xs
which are the resistive and reactive components of the net series impedance.

Vs (@)° R ()
I:’L = 2 2 .
(Rs + R (@) + (X5 + X () (3.26)

Assuming that the power factor angle of the load, @, is kept fixed, the load impedance can be
written as:

Z (@) =R (@) + jX (&) = R () + jR_(e) tan() (3.27)

Equation (3.26) can thus be written as:
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[VS (a)|2 R («)
P = : 2 |
(R + R (@) + (X + R, () tan(g)) (3.28)

The derivative of P. with respect to RL is given by:

oP, 3
R (@)

{alvs (@)’

R, (@)

R, (@) +Vs (a)|2}{(Rs +R. (@) +(Xs +R_ () tan(¢))2}
(3.29)

((RS +R, (@)) +(X, +R, (@) tan(g)) )2
Vs @) Ry (@)2(Rs + R, (@)+2(X, +R, (o) tan(y) )tan(g)
((RS 1R, (@) +(X, +R, (@) tan(g)) )2

When the power delivered to the load is maximum, the derivative of P. with respect to R is zero.
Equating (3.29) to zero, we get:

{a[\/s (0()|2

R (@)

R, () + Vs (a)lz}{(Rs +R @) + (X, +R (@) (@) = (3.30)

Vs (@) R, (@){2(Rs +R, (@))+2(X s + R, () tan(¢) )tan(¢)}

Equation (3.30) can be rearranged as follows:

{a|vS (@)’

=R (@) RL(a)}{\zs + zL(a)f}:

2 3.31
Vs (@) R (@) 2(Rs + R (@) )+ 2(X + R, () tan(g) )tan(g5) | (3:31)

Mo (@ R + R (@) + (X + R (@ tan(9)) |

The terms of the right-hand side expression can be expanded to obtain:

{a[\/s (05)|2

R @ RL(a)}{\zs + zL(a)\Z}z

2R R, (@) + 2R? (&) + 2X (R, (@) tan(¢) + 2R? () tan? () (3.32)

Vs (@) [RZ+R2(a)+2RsR, (@) + X?
+ R} (a)tan?(g) + 2X (R, () tan(¢)

Equation (3.32) is reduced to:

37



{M RL(a)}{ 2.+ 2.}

oR,(a) (3.33)

— Vs (@) {R2 (@) + R2 (@) tan’ () ~ R? — X2

Equation (3.33) can then be reduced to obtain the final maximum power transfer condition given
by (3.34) or, the theoretical equivalent in (3.35), when the source voltage is not constant.

{M R, (a)}{ 2,42, @

R, (a) (3.34)
Vol {zu@f [z

ale(a)|2 R (a) :|Z'-(0!)|2_|ZS|2
R (@) Ny(@) [z, +Z,(a)

(3.35)

The Maclaurin series for the expression 0|Vs(a)[? /0RL() used in (3.34) is obtained as:

) 8[\/5 (0()|2
oVs (@) __ Oa
R.(a) R (a)

oa

(3.36)

The Maclaurin series for |Vs(«)|? can be obtained as:
Vs (@) =Vs(@)-Vs (@) (3.37)

and then the derivative of |Vs(a)|? with respect to « can be calculated. For load buses with PQ loads,
the load impedance Z.(«) is given by:

Z (a)= \% (3.38)

Note that if the expression for Z,(a) on the RHS of (3.38) is expanded as a power series, one will
get a term with a negative exponent of a. Hence the expression for R (a) will also have a term with
a negative exponent of . In order to avoid the negative exponent, the values of the load resistance
at different values of a can be obtained using the value of aR. (), for which the Maclaurin series
is given by (3.39),
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(3.39)

- )

where the function Re(.) indicates the real part of the operand. The value of ORL(a)/0a: at different
values of a can be obtained using the value of daRL(a)/0a as shown below:

ooR (o) g OR, (@)

o 5 +R (a)
a a
[aaRL(a) R (a)j (3.40)
. OR () oa -
C da a

It is seen that the left-hand-side (LHS) and right-hand-side expressions (RHS) of (3.34) are purely
real. However, the d|Vs(a)|? /0RL(c) term on the LHS is obtained by first performing convolutions
of complex-valued power series and then taking derivatives with respect to . While theoretically
the series should be purely real, performing a convolution of two complex-valued power series,
leads to small imaginary parts in the resultant series with magnitudes less than 102°. At loading
levels that are not very close to the SNBP, the imaginary part of the LHS of (3.34) is observed to
be of the order of 10™*°. However when the system load is modeled to be within 1% of the SNBP,
the numerically small imaginary parts in the different series involved in the LHS of (3.34) become
significant since they are multiplied by high-order exponents of a, which causes the imaginary part
of the Padé approximants of the series on the LHS to be of the order of 103, This is shown in
Figure 3.36 and Figure 3.37 in which the imaginary parts of the LHS and RHS of (3.34) are plotted
against o for the four-bus system and the modified 14-bus system (when bus 9 is retained), respec-
tively. Since the imaginary parts of the LHS and RHS should theoretically be zero and are numer-
ically of the order of 10*° unless the system load is modeled to be within 1-2% of the SNBP, the
imaginary parts will be ignored in the rest of the discussion.
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Figure 3.36 Imaginary parts of the LHS and RHS of (3.34) vs. a for the four-bus system
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Figure 3.37 Imaginary parts of the LHS and RHS of (3.34) vs. a for the modified 14-bus system

The validity of the condition given by (3.34) is verified using the four-bus system shown in Figure
3.18 and the modified 14-bus system. In Figure 3.38 the LHS and RHS for the four-bus system are
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plotted against the load-scaling factor varying up to the SNBP and it is seen that at the SNBP, the
LHS and RHS are very close to each other. Similarly, the LHS and RHS are plotted in Figure 3.39
against o for the modified 14-bus system (with the bus-of-interest chosen to be bus number 4) and
the two approach each other at the SNBP as expected. It is observed that when the system load is
modeled to be within 0.1% of the SNBP, a cross-over occurs between the values of the LHS and
RHS expressions, which can be attributed to precision issues and is left as future work. It is well-
known that precision limitations become an issue for the HEPF-based methods when the system
is modeled to be very close to the SNBP.

LHS and RHS vs. « for 4-bus system
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Figure 3.38 LHS vs. RHS of (3.34) for the four-bus system
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Figure 3.39 LHS vs. RHS of (3.34) for the modified 14-bus system
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The condition also holds true for a Thévenin-like network with an arbitrarily chosen impedance as
explained in section 3.4.3. This was verified numerically on the modified 14-bus system with the
source impedance forced to be 0.15j (while the series impedance obtained using traditional HE
reduction was approximately 0.03 + 0.1j). The necessary additional shunt impedance was calcu-
lated using (3.27) with compensatory current added at bus number 1. This is shown in Figure 3.40
where the LHS and RHS are plotted against « (varying up to the SNBP) for the above described
arbitrarily chosen Thévenin-like network, with the bus-of-interest being bus number 4.

LHg and RHS vs. o, for arbitrary Thevenin-like network
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Figure 3.40 LHS vs. RHS of (3.34) for the modified 14-bus system with an arbitrary Thévenin-
like network

3.4.5 Some implementation details

3.4.5.1 Handling ZIP-load models and arbitrary load models

While so far in this section only constant PQ loads were considered, the actual load may have ZIP-
load characteristics or other more complex characteristics which need to be accounted for appro-
priately. The model for solving a power-flow problem in the presence of ZIP-loads requires rep-
resenting all loads nonlinear current injections of a. The development is straight forward and will
not be included here. Thus the reduction process to obtain the Thévenin-like networks would be
the same as described in section 3.4.1. The maximum power transfer condition for nonlinear net-
works given by (3.34) holds true in the presence of ZIP-load models as well. While evaluating the
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two sides of the condition, one would need to calculate the effective load impedance Z () given
by:

Z, ()
_ Vi(al (o) Ciem (34
P[PV (@) + P, V(@) + ps ) aQla Vi [ (@) + a, Vi |(@) + a,)

The LHS and RHS of (3.34) are plotted against « in Figure 3.41, for the 14-bus system with ZIP
loads (equal proportions of the constant impedance, constant current and constant power assumed),
with the bus-of-interest being bus number 2. The load-scaling factor is varied through to the SNBP
in Figure 3.41 and it is seen that the LHS and RHS are numerically close to each other at the SNBP.

léHS and RHS vs. «, 14-bus system with ZIP loads
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Figure 3.41 LHS and RHS of (3.34) for the modified 14-bus system with ZIP loads

In fact, any arbitrary load can effectively be represented as a nonlinear current injection in order
to get the Thévenin-like networks. This can be demonstrated using an arbitrary load model that
looks like:

SL(a):apli(ijNi|2(a)+ pz[vi|(a)+ p3)+ jani(ql[Vi|2(a)+ Q2[Vi|(a)+ %)

o> o o o o) (3.42)
+ Kla+—+—+—+—+—1iem
3 &5 79 1

The above load model looks like a ZIP-load model along with a sine-of-a.-series accurate to 11
Maclaurin series terms. Such a load model was added at each bus in the 14-bus system with the
coefficient Kj being randomly chosen from uniformly distributed numbers between 0 and 10 MW
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(the base-case real-power loads at the different buses vary between 3.5 MW and 94.2 MW for this
system). With this load modeled as a nonlinear current injection, the HEPF was used to solve the
power-flow problem and then HE-reduction was performed. It was observed that as long as the
reduction rules provided in this work are followed, the series terms of the voltage series (truncated
at 61 terms) at the retained bus were preserved, when compared to the full network voltage series
terms, with an accuracy of the order of 10** and the SNBP of the system was also preserved.

3.4.5.2 Handling transformers

3.4.5.2.1 Handling transformers with off-nominal tap ratios

Transformers with off-nominal tap ratios, are effectively modeled using pi models and hence shunt
impedances are added at the terminal buses. As explained in section 3.4.3, fixed shunt impedances
can either be represented in the admittance matrix, which would result in shunt impedances ap-
pearing in the HE-reduced network; or they may be modeled as nonlinear current injections given
by -YshuntV(er) which would result in a reduced-order network that doesn’t have any shunt imped-
ances. Eventually, whether shunt impedances are retained in the HE-reduced network or converted
to nonlinear current injections, the full model will be reduced to a Thévenin-like network shown
in Figure 3.23 if the network reduction procedure given here is followed.

3.4.5.2.2 Handling transformers with non-zero phase-shifts

Transformers with non-zero phase-shifts lead to an asymmetric admittance matrix. If the phase-
shifts are represented in the admittance matrix before performing HE-reduction, the reduced order
network will have an effective phase-shifting transformer (i.e. the admittance matrix for the re-
duced network will also be asymmetric). It was shown in [31] that in order to obtain a power-flow
solution using a non-scalable formulation in the presence of phase-shifting transformers, the asym-
metric part of the admittance matrix needs to be moved to the right-hand side of the node-balance
equation as an equivalent current injection. Phase-shifting transformers have not been accounted
for in the previously published work on network reduction [27] as it is not straightforward to seg-
regate the asymmetric components from the symmetric components using only the reduced-net-
work admittance matrix for meshed reduced-order systems. Phase-shifting transformers can be
handled in a similar manner as shunts in the system, i.e., the asymmetric components of the full-
network admittance matrix that are present due to the phase-shifting transformers, can be modeled
as nonlinear current injections before performing the HE-reduction and thus removed from the
admittance matrix. This would result in a simpler reduced-order network without any phase-shift-
ing transformer, that is structurally similar to Figure 3.23. This was numerically tested on the mod-
ified 14-bus system, by adding non-zero phase shifts to the three transformers in the system (with
the phase-shifts chosen to be 7°, 9° and 25°). It was observed that the voltages were preserved as
well as the condition given by (3.34) was obeyed at the SNBP as shown in Figure 3.42 where the
LHS and RHS of (3.34) are plotted against a with the o being varied from 1.0 (i.e., the base-case
loading condition) through to the SNBP, with the bus-of-interest being bus number 4.
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LHS5and RHS vs. «, 14-bus system with phase-shifting transformers
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Figure 3.42 LHS and RHS of (3.34) for the modified 14-bus system with phase-shifting trans-
formers

3.4.6 Multi-bus reduced-order equivalent networks

As mentioned in section 3.1, multi-bus equivalent networks have been used to estimate the voltage
stability margin using the measurements in a load area in order to better account for the different
limits of individual tie-lines connecting the load area to the rest of the network [24], [38], [43] -
[45]. Hence it may be desirable to develop multi-bus nonlinear equivalent networks as well. It has
already been shown that HE-reduction can be used to obtain multi-bus reduced-order equivalent
networks which preserve the nonlinear behavior of the original system when there are no phase-
shifting transformers in the system [27]. Using the strategy described in section 3.4.5.2 for mod-
eling phase-shifters, multi-bus reduced networks can also developed for systems with phase-shift-
ing transformers such that the voltages at the retained buses are preserved. This is shown in Figure
3.43, in which the magnitude of worst error (taken over all retained buses) between the bus volt-
ages of the full network and those of the reduced network is plotted on a log scale against « for the
14-bus system with three phase-shifting transformers, when buses 0, 1, and 9 through 11 are pre-
served in the reduced network.

45
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Figure 3.43 Error between the voltages of the full system and a multi-bus reduced-order system
for the 14-bus system with phase-shifting transformers

As pointed out in section 3.4.3, there are an infinite number of ways of developing such reduced-
order networks. Consider a reduced-order network obtained using HE-reduction with the admit-
tance matrix Yreduced given by (3.43), where the subscripts b and i denote the boundary (i.e. buses
that are connected to the buses that have been eliminated), and internal buses respectively.

Yo Yy
YReduced = |:Ybb Ybl} (3-43)
ib ii

The node-balance equations in the reduced network are given by (3.44) where the subscripts e
denotes external buses (i.e., buses in the full model that are not a part of the reduced network). As
seen from (3.44) the boundary buses have additional current injections given by ’<(a) that account
for the injections and losses in the external network (i.e., in addition to the native loads at these

buses).
[Ybb Yoi :||:Vb (0!)} _ [' )+ aspw, (@ )J (3.44)

Yio Yii | Vi(a) asi*Wi*(a*)

Note just as there is much flexibility in selecting the value of the series impedance branch for a
two-bus equivalent, there is similar flexibility for a multi-bus equivalent. One can modify the ad-
mittance matrix (and hence the series impedances) of the reduced network by adding compensatory
nonlinear current injections on the RHS of (3.44) as shown below:
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Thus the modified admittance matrix of the reduced network is given by (3.46) and the modified
current injections are given by (3.47).

. Y. Y.
YReduced :[ b-b b'I] (3-46)
Yib Yii

IAReduced = [I : (a)-l_*as*bwg (a )] + {Ybb _Ybb Ybl _Ybi }Bﬁb EZ)):| (3.47)

aS; W, (0( ) Yio =Y Yi —VYii

(3.45)

In fact, not only can the impedance values in the HE-reduced network be modified using (3.45),
but the topology can also be changed, though we believe in most cases it is unwise to do so. One
could add additional branches that did not exist in the HE-reduced network. For example, for the
14-bus system with three phase-shifting transformers, when buses 0, 1, 9 through 11 are preserved
in the reduced network, there is no connection between bus number 1 and bus number 10. How-
ever, a branch with impedance 0.01+0.1j was added between these two buses and compensatory
currents added at buses 1 and 10 using (3.45). When the power-flow problem for such a reduced
network was solved, it was observed that each term of the truncated Maclaurin voltage series (up
to 61 terms) at all the retained buses in the new reduced network, matched those from the full
network, with an accuracy of the order of 104, Similarly, one could remove an existing branch by
setting Y ik to be zero. For the 14-bus system reduction example described above, two branches
were removed to effectively obtain a radial reduced-order network, while still preserving each term
of the truncated voltage series (up to 61 terms) at the retained buses with an accuracy of the order
of 101 when compared to the voltage series for the full model.

The implication that this has on using measurements to build multi-bus equivalent networks is that,
one does not need to know the appropriate topology and network parameters prior to building the
network, though it is believed results would be best if the topology chosen matches that in the real
world. One can assume a certain topology and network parameters for the reduced network and fit
the Maclaurin series for the nonlinear current injections using measurements at the retained buses.
Note that the multi-bus reduced order networks, require more polynomials to be fitted than the
Thévenin-like equivalent networks since each bus has a nonlinear current injection.

3.5 Revisiting the sigma method

It was shown in [51] that the original sigma method as shown in [33], has some fundamental flaws.
It was shown that while it is true that to ensure a valid operating point for any system, the sigma
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condition must be obeyed for all of the system buses, the proximity of the ¢ condition to violating
its limit at any of the buses is not an indicator of the proximity of the system to voltage collapse.
This occurs because the ¢ indices of some of the buses can come very close to the boundary con-
dition at loading levels far below the SNBP, and then start moving away from the boundary with
further load increase. The fundamental issue is that, while the distance of the ¢ condition from its
limit is an indicator of the proximity of the system to voltage collapse for a two-bus system, it is
not an indicator for a two-bus equivalent of a larger system. The voltage source in the two-bus
equivalent from which the original ¢ indices are obtained is constant (slack-bus voltage) whereas
it has been shown in section 3.4 that a proper equivalent obtained using network-reduction proce-
dures where the loads are modeled as nonlinear current injections would have a voltage source that
depends on the loading condition. It will be shown numerically that if the o indices are calculated
corresponding to the Thévenin-like network obtained in section 3.4, these revised o indices do not
face the same issues as the original ¢ indices. The U(a) for the Thévenin-like network as shown in
[51] is given by:

U(a)= VV(—“(L) (3.48)

Substituting the above expression for U(a) into the performance equation for the two bus equiva-
lent as shown in [51], one gets the revised o indices, with the only difference being that U(a) is no
longer V(a)/Vsiack but is given by (3.48). For the four-bus system from Figure 3.18, the o condition
at buses 3 and 4, evaluated using the original and revised ¢ indices are plotted against the load-
scaling factor a in Figure 3.44. It is seen that the use of the original ¢ indices causes the ¢ condition
at bus 4 be very close to zero at a = 4.85 and then bounce back, whereas the ¢ condition at both
buses evaluated using the revised o indices have a consistent decreasing behavior as « increases.
The other claim made in [33] was that the buses that are closer to violating the o condition can be
deemed to be the “weak buses” in the system. As discussed in [51], theoretically there is no clear
connection between the sigma method of determining weak buses and the modal analysis method
of determining weak buses. Using modal analysis [35], the weak bus for this small system is con-
sistently obtained to be bus number 4 at different loading conditions (nearly 20%, 40%, 60%, 80%
and 100% of the SNBP loading). However, it is seen that the “weak’ bus obtained using the revised
o condition is not consistent at all loading conditions, shown by the cross-over in Figure 3.44. It is
seen from Figure 3.44 that even when using the revised ¢ indices, at most operating conditions the
“weak” bus obtained using the o condition does not match that obtained using modal analysis,
despite the small size and radial nature of the system being tested.
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Figure 3.44 Original and revised ¢ conditions vs. a for the four-bus system
The o scatter plot for bus number 4 as the system load increases is shown in Figure 3.45. The “turn-

around” of the original o index in Figure 3.45 occurs at « = 4.85, which is consistent with its “turn-
around” point observed on the o condition plot in Figure 3.44.
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The o condition with the revised o indices was observed to have consistent behavior with load
increase for the modified 14-bus system as well, as opposed to the o condition with the original o
indices. This is shown in Figure 3.46 and Figure 3.47 where the value of the ¢ condition for the
PQ buses is plotted against a for the revised and original ¢ indices respectively. Note that bus 7
has no load on it and hence the Vsource(a) is the same as V() which causes the U(a) to be a constant

(1.0) and hence the ¢ condition for bus 7 using the revised ¢ index remains constant as seen from
Figure 3.46.
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Figure 3.46 ¢ condition vs. o with revised o indices, modified 14-bus system
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Figure 3.47 o condition vs. a with original ¢ indices, modified 14-bus system

While the revised o indices resolve the issue of approaching the boundary condition well ahead of
the SNBP and then increasing again, it is seen from Figure 3.46 that for some of the buses, the o
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condition has a somewhat flat profile as the system load increased and then a sharp decrease as the
modeled load gets very close to the SNBP. This highly nonlinear behavior of the ¢ condition,
makes it unfavorable to use the ¢ condition as a measure of the proximity to the SNBP, even with
the revised o indices. Additionally, even for the revised o indices, no correlation was found be-
tween the “weak buses” obtained using the ¢ condition and the “weak buses” from modal analysis,
for the modified 14-bus system.

3.6 Conclusions

In this chapter, the measurement-based method of building a Thévenin equivalent at the bus-of-
interest is discussed along with the impact that discrete changes can have on such purely local-
measurement-based methods of estimating the SNBP. HE-reduction was used to build nonlinear
Thévenin-like networks which preserved the nonlinearity of the original system. Using measure-
ments, the polynomials in such a nonlinear Thévenin-like network can be fitted and it was shown
that one can assume any value for the source impedance and the source voltage Maclaurin series
can then be appropriately calculated. The maximum power transfer theorem for such nonlinear
networks was derived and validated, while accounting for ZIP-load models and phase-shifting
transformers. While multi-bus nonlinear reduced-order networks can also be built, these would
require a greater number of polynomials to be fitted and hence are more complicated, particularly
in the presence of noisy measurements. While the original sigma indices were modified such that
their behavior became monotonic as the system load increased, it was observed that the revised
sigma indices could still not easily be used to determine the weak buses in the system. In this work,
it was assumed that the load changes along a pre-defined direction, and hence when measurements
are used to build a nonlinear Thévenin-like network, the network will be fitted for a particular
pattern of load/generation change. Once the nonlinear Thévenin-like network is built using meas-
urements, if the loading vector changes drastically, the estimated SNBP may not be accurate. This
will have to be carefully investigated going forward.
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4. Fitting Methods in Detail and the Roots Methods

4.1 Different numerical methods for estimating the SNBP from measurements

In section 3.4.4, the maximum power transfer theorem (MPTT) was developed to estimate the
SNBP for the nonlinear reduced network. Therefore, in this section, numerical experiments using
noiseless pseudo-measurements to estimate the SNBP from the MPTT given by (3.35) will be
conducted. The effects of noise in the measurements will be discussed in later sections.

4.1.1 Fit a function of o from noiseless measurements

Since the main process in these experiments is to build the functions of a for each component in
(3.34) using noiseless data, different possible approaches to fit a general function of a from
measurements will be first discussed in this section.

For a given function of a, f(a), as shown in Figure 4.1, a number of pseudo-measurements in
the sample range ( for example, 60%-70% of the SNBP in this figure) were generated and a curve
fit to the samples in this range with the goal of projecting the value of f(a) beyond the sample
range, up to the SNBP. The measurements can be used to fit either a polynomial or a Padé approx-
imant to f(a). Three different approaches for fitting f(a) were used: the Matlab built-in Padé
fit, self-coded Padé fit and polynomial fit are discussed in the following sections

f(a)
A

Sample range

—~

-
60% 70% «a = SNBP a

Figure 4.1 Function of a vs. loading-scale factor

41.1.1 Self-coded Padé fit

In this case, a rational function of the following form was assumed,

N

Fa@y=Y cal = 200 g 1,

L7 TS bl (4.1)
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where N is the degree of the Maclaurin series of f(a), M and M+1 are the degrees of the numer-
ator and denominator polynomial of the Padé approximant, respectively. For a total of N,,cqsure
measurements sampled over the range of loading values selected for training, ( ay k =
1,2, ..., Npeasure ), the corresponding overdetermined set of equations shown in (4.2) was solved
to calculate the unknown Padé approximant coefficients «;, and b;. Note that the Padé approxi-
mant coefficients, a; and b;, are written in ascending order of exponents of a.

M M+1
. . 4.2
> aal ~ fla) (2 b a,z) = fl@) 2
i=1

i=0

4.1.1.2 Matlab built-in Padé fit

Similar to the above approach, a set of linear overdetermined equations was solved to directly
obtain the coefficients of the Padé approximant. The only difference is that the coefficients, «;
and b; are written in descending order of exponents of a as given by (4.3).

0 1
. . 4.3
zaia,z—f(ak)< S bia,z>=f<ak) 9

i=M i=M+1

Though the self-coded Padé fit and Matlab built-in Padé fit are theoretically identical, the subtle
difference in the order of coefficients could lead to very different numerical performance. Thus,
both will be tested in a subsequent section.

4.1.1.3 Polynomial fit

In this approach, the measurements are used to fit a polynomial to f(«), i.e., to obtain the c;
coefficients in (4.1). The set of equations used to calculate the coefficients is indicated in (4.4):

N

; 4.4
Y cal = fla) 4

i=0
4.1.2 Four numerical methods for estimating the SNBP from measurements

As demonstrated in section 4.1.1, there are three approaches to fit the measurements for f(a),
while fitting the measuerments for each component in (3.35) is more complicated. For example,
for |V;(a)|? in (3.35), one can choose to directly fit the polynomial or Padé approximant to the
Macluarin series for |V, (a)|? by squaring the magnitude of the source voltage measurements or
by fitting the polynomial or Padé approximant to V;(a) from source voltage measurements and
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then obtain |V;(a)|? calculated from the polynomial or Padé approximant of V,(a) evaluated at
different loading-scale factors. Therefore, there are a number of combinations of the ways pseudo-
measurements can be used to fit each constituent term in (3.35) and which fitting technique
discribed in section 4.1.1 is applied.

Because the Padé approximant is sensitive to roundoff error in the calculations and because the
differences in numerical performance of different methods might become significant when
building the networks using noisy measurements, it is important to find the best method for
estimating the SNBP based on MPTT from measured data. Therefore, four possible numerical
methods are discussed in the following section. Their numerical performance was tested on the
IEEE 118 bus system. Noiseless pseudo-measuements were generated for loadings in the range of
60%-70% of the maximum system load (SNBP) using MATPOWER and a power-mismatch con-
vergence tolerance of 108 (For the Best Component method demonstrated in section 4.1.2.2, the
tested system is the modified 118 bus system and the sample range is 70%-80% of the SNBP). In
each case, 200 measurements were used to fit 61 terms of a polynomial or [30/30] Padé
approximant to each component in (3.35). The SNBP is estimated based on the following two
approaches: The SNBP point is taken as the eareliest point where either 1) the LHS and RHS
values of (3.35) cross each other, or 2) LHS and RHS values were initially converging and then
began to diverge.

4.1.2.1 Built-In/Self-Coded method

The MPTT equation given by (3.35) consists of six different components: Zg, R, («), Z,(a),
[Ve(a)|?, 0|Vi(a)|?/0a and OR,(a)/da from here on abbreviated 0|V;(a)|? and dR,(a),
respectively. The variable Z is the source impedance of the Thévenin-like network obtained from
HEM/Ward network reduction and it is a constant value. Thus there is no need to calculate Z,
from measurements. R, (a) is the resistive component of the load impedance Z; («).Once Z,(«)
is obtained, R, (a) can be calculated by taking the real part of Z,(a). Therefore, there are only
four components that need attention: Z, (), |V.(a)|?, d|Vi(a)|? and dR, ().

One simple approach is to directly get Z,(a), |Vi(a)|?, 9|Vi(a)]®> and OR,(a) as Padé
approximants from their respective measurements, though sometimes this has been handled
differently. For example, the function|V;(a)|?, was built by fitting a Padé approximant to samples
of V, to yield V,(a)and then |V;(a)|?> was calculated by evaluating the square of the magnitude
of V;(a). The implemention details are summarized in Table 4.1. Note that the measurement
d|Vi(a)|? is obtained by calculating the increment in |V;|? divided by the increment in loading-
scale factor, i.e., A|V;|?/Aa. The Aa should be small enough so that the d|V;|? measurement can
accurately represent the derivative of |V;|? with respectto a in the original system but at the same
time making sure there is sufficient distance between two successive points to identify the voltage
change. In this experiment, the Aa is chosen to be 10°. A similar approach is used to get dR;
measurements.
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Table 4.1 Built-In/Self-Coded method

Components Pseudo-measurements Algorithm for fitting measurements
Zg Source impedance from HEM/Ward network reduction
R (@) Real part of Z, (a)
Z; () Z Built-In/Self-Coded Pade-fit Z,
1. Built-In/Self-Coded Padé-fit I;
Vs(@)|? Vs )
2. Get |V
0|V ()|? V)% ( W ) Built-In/Self-Coded Padé-fit a|V;|?
R, (@) oR, ([ulll Built-In/Self-Coded Padé-fit 9R,,

The LHS and RHS of MPTT equation for the IEEE 118 bus system are plotted against « in Figure
4.2 and Figure 4.3 for buses 44 and bus 67, respectively. The SNBP of the 118 bus system is 3.187,
obtained using the CPF. Bus 44 and bus 67 are selected intentionally to represent one weak bus
and one strong bus, respectively, in the 118 bus system (indentified by the magnitude of voltage
change for a given load change near the SNBP). It is seen that for the weak bus, bus 44, both the
Built-In and Self-Coded methods can give an accurate estimation of the SNBP, which are 3.179
and 3.181, respectively, with only 0.25% and 0.19% errors, respectively. However, in Figure 4.3,
neither Built-In nor the Self-Coded methods give a prediction of the SNBP for the strong bus, bus
67, regardless of whether we use the crossover or the divergence criterion. In other words, the
Built-In and Self-Coded methods work well for weak buses but do not work well for strong buses

in the system.
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Figure 4.2 LHS and RHS of (3.35) at weak bus number 44 vs. the loading scaling factor for the
IEEE 118 bus system
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Figure 4.3 LHS and RHS of (3.35) at strong bus number 67 vs. the loading scaling factor for the
IEEE 118 bus system

56



4.1.2.2 Best Component method

In this method, for each constituent of (3.35), (Z,(a), |Vs(a)|?, 0|Vi(a)|? and R, (a)), all of
the different ways of fitting the measurements previously mentioned are considered. Note that the
118 bus system here is modified by adding S=1+1j MV A to bus 30, bus 37 and bus 38. The loading
value at the SNBP for this modified 118 bus system is 3.172. The loading range for training data
obtained as pseudo-measurements is 70%-80% of the SNBP.

First of all, we calculate the “true” value of those variables in the 80%-100% loading range using
a 220-digit HEM implementation to obtain the accurate reference values for this range. Then the
predictions of these four components are compared with their “true” values in the 90%-100%
range. For each component, the representation that most accurately fit the true value was selected
as the best way. The best algorithm for building each component is listed in Table 4.2.

Table 4.2 Best Component method

Components Pseudo-measurements Best algorithm for fitting measurements
Z Source impedance from HEM/Ward network reduction
R, (a) Real part of Z; ()
Z;(a) A Built-In Padé-fit Z,
Ve (a)|? |Ve|? Self-Coded Padé-fit I
Vi (@)* | a2 (el Self-Coded Padé-fit 8|V |2
R, () oR, (Lul-lfal Self-Coded Padé-fit aR,,

The LHS and RHS of the MPTT equation using the Best Component method for the modified 118
bus system with the buses-of-interest being buses 22 and 67 are plotted against a in Figure 4.4
and Figure 4.5, respectively. The curves labeled 1) “LHS-mp220~, 2) “LHS-Built-In”, 3) “LHS-
Self-Coded” and 4) “LHS-Best-Component” represent the LHS of MPTT value of Padé
approximant 1) from network reduction using 220 digit precision, 2) from measurements using the
Built-In method, 3) from measurements using the Self-Coded method and 4) from measurements
using the Best Component method. The legend beginning with “RHS-" stands for the RHS of the
MPTT value of the Padé approximant. For bus 22, which is a weak bus in the system, the Best
Component method is shown to be better than the Buit-In and the Self-Coded methods, but not
significantly better. This slightly superior performance has also been seen for some other weak
buses when the measurement range remains to be 70%-80%. However, this method does not work
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well for a strong bus since there is no point where the LHS and RHS cross each other or diverge
and thus no prediction can be made as shown in Figure 4.5 (the yellow and purple line).
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Figure 4.4 LHS and RHS of (3.35) at weak bus number 22 vs. the loading scaling factor for the
modified 118 bus system
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Figure 4.5 LHS and RHS of (3.35) at strong bus number 67 vs. the loading scaling factor for the
modified 118 bus system
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4.1.2.3 Polynomial Method

The Polynomial Method generates polynomials (rather than Padé approximants) of all functions
of a in (3.35). To do that, each component in (3.35) needs to be reformulated to adapt to
polynomial form. The process is described below:

The load voltage V, (a) can be obtained as a Maclaurin series as given by (4.5) from HEM net-
work reduction.

The Maclaurin series for Z; () is given by

Vi (a) - V(@) (4.6)
aS*

Note that if the expression for Z;(a) on the RHS of (4.6) is expanded as a power series using
(4.5), one will get a term with a negative exponent of «. The expression for R; (a) will also have
a term with a negative exponent of a. To avoid the negative exponent, the values of the load
impedance and load resistance at different values of a can be obtained using the value of aZ; (@)
and aR,(a) respectively. The corresponding Maclaurin series are given below:

Z(a) =

V(@) - Vi(a") (4.7)

aZ, (a) = I

(4.8)
aR,(a) = Re(aZL (a))

The value of dR, (a) at different values of a can be obtained using the value of d[aR,(a)]/0a
as shown below:

J0oR () —y OR, (@) +R(@)
o a
doR (a) R (@) (4.9)
COR (a) oa
Y ba o
By multiplying the top and bottom of (3.35) on both sides by a?, one can obtain:
V() a-[aR ()] laZ, ()| - a?|Z|? (4.10)

Ve(@)|?> a-[adR ()]  |aZs+ aZ(a)]?

Substitute (4.9) into the above equation, the modified MPTT equation for Polynomial Method is
obtained, as given by (4.11).
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W@ alaR @]  laZ (@)~ a?|Z]? (4.11)
V.@I? a 0[aR,(@)] — aRy(@)  laZ + aZ (@)

It can be observed that the reformulated equation given by (4.11) consists of six parts:
D laz, (@) = a®|Zs|*, @) |aZs + aZ(@)|?, 3 a- [aR, ()] @ a - d[aR,(a)] — aR,(a),
B [Vo(a)|?, (6) 3|V, (a)]?. The next step is to figure out how to get polynomials for (1)-(6) in
(4.11) from pseudo-measurements, which are shown below:

Dlaz,(@)|? — a?|Z|*:

The n" degree polynomial for aZ, () can be caluclated from aZ; measurements over a range of
loading values (ay, k = 1,2, ... Npypegsure) USINg the polynomial fit techinique. The polynomial
expression for aZ; (a), also named as Z; (a), is shown in (4.12).

aZ, (@) = Zy(a) = Z1[0] + Z;[1]a + Z;[2]a? + - +Z;[n]a™ (4.12)
Once aZ;(a) is obtained, the |aZ, ()|, also labeled Z,(a), can be calculated using (4.13):

2 _ L 7% *
laZ, (a)|* = Z,(a) = Z1(a) - Z1(a) (4.13)

= 22[0] + Zz[l]a + Zz[Z]dz + o+ ZZ[ZTL]azn
Note that the |aZ, (a)|? is represented as a 2n-degree polynomial instead of being truncated to
an n™ degree polynomial to avoid losing information from Z; (). The varible Z, represents the

source impedance obtained by network reduction and is a constant. Therefore, (1) is obtained by
adding (4.13) where the 2" order term a?|Z|?, is given by (4.14).

aZ, (a)|? — a?|Z.|?
laZ,(a)] |Z] (4.14)

= 7Z,[0] + Z,[1]a + (Z,[2] — |Zs|®)a? + -+ + Z,[2n]a®™

@) |aZs + aZ, ()|

Similarly, the expression aZ, + aZ, («) is obtained by adding (4.12) with a 1% order term aZ,
as given by (4.15).

laZ,(a)]? — a?|Z]?

(4.15)
= 7,[0] + Z,[1]a + (Z,[2] — |Zs|?)a? + -+ + Z,[2n]a®"
Then (2) can be calculated using the following equation:
|laZ; + aZ,(@)I? = Z3(a) = [aZs + aZy(@)] - [aZs + aZy(@)]" (4.16)

= Z5[0] + Z3[1]a + --- Z3[2n]a®™

@ a-[aR, (a)]:
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The polynomial for aR; () is calculated by taking the real part of aZ; («), and then multiply it
with «. The process is shown below:

aR,(a) = Ry(a) = Re(aZ,(a)) 4.17)

= R,[0] + R,[1]a + :-- R{[n]a™
a-[aR,(a)] = aR,(a) = R,[0]a + Ry[1]a? + -+ +R;[n]a™*?! (4.18)

@ a-d[aR, ()] — aR,(a)

The polynomial for d[aR,(a)] is obtained by taking the derivative of aR; (a) with respectto a
as shown below:

OR, (a) (4.19)
da

d[aR,(a)] = Ry(a) =

= R2 [0] + Rz[l]a + "‘Rz[n - 1](ln_1
Then (3) is given by:

a: a[aRL((l)] - (XRL(a) =
=a - (R,[0] + Ry[1]a + ---Ry[n —1]a™ 1)
— (R,[0] + Ry[1]a + -+ Ry [n]a™) (4.20)

= —Ri[0] + (R2[0] = Ry[1Da + -+ + (Rz[n — 1] = Ry[nDa”

©® Vs(@)]*:

The n" order polynomial for V() is obtained from the source voltage measurements using the
polynomial fit technique and then (5) is obtained by using (4.21).

Ve(@)|? = Ve(a) - V' (a*) (4.21)

OrIVAC]&
The term (6) is obtained by taking the derivative of the polynomial for (5) with respect to a.

The MPTT results using the Polynomial Method for weak bus 44 and strong bus 67 are plotted in
Figure 4.6 and Figure 4.7, respectively. The labels “LHS-MODEL-Polynomial” and “RHS-
MODEL-Polynomial” represent the LHS and RHS values, respectively, of (4.11) obtained using
network reduction techniques [27]. The labels “LHS-Polynomial” and “RHS-Polynomial”
represent the LHS and RHS values of (4.11), respectively, obtained by fitting measurements to a
polynomial. Observe that the Polynomial Method can give a reasonable estimate (by using the
divergence criterion in this case) when obtaining the power series from network reduction.
However, when using the polynomials obtained from measurements, this method does not
extrapolate the LHS well far away from the training data range. Therefore, use of the Polynomial
Method is not feasible for predicting the SNBP.
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Figure 4.6 LHS and RHS of (4.11) at weak bus number 44 vs. the loading scaling factor for the
IEEE 118 bus system
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Figure 4.7 LHS and RHS of (4.11) at strong bus number 67 vs. the loading scaling factor for the
IEEE 118 bus system
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4124 Z4(a) method

The idea of the Z;, () method is similar to conventional TE-based method. The rest of the system
is modeled as a voltage source connected through a Thévenin impedance as shown in Figure 4.8.
Note that unlike the Thévenin-like network, in which the impedance Z; from HE-reduction is
constant, the Thévenin impedance in Figure 4.8 is a function of «a. It can be calculated based on
its definition:

ovy(a)
2@t @ V@ V(@) Vi) 4.22)
= T @ T 02y 5 (V@) —a v (@)
da Vi (a*)
The load impedance Z; (@) is given by:
V . V* *
Z,(@) = (@) Vi (a) (4.23)

aS*

The potential advantage of this approach is that at the SNBP, the magnitude of the Thévenin
impedance is equal to the magnitude of the load impedance, i.e., |Z, ()| = |Z, ()| and the test
for the SNBP is much simpler.

Ep(a) V(@)
AC 4_—!,5(6()
& Zun(@) |
. aP + jaQ

Figure 4.8 Two-bus equivalent diagram for Z;,(a) method

Plotted in Figure 4.9 is the magnitude of Z,,(a) and Z,(a) vs. load-scaling factor for the IEEE
118 bus system with bus-of-interest being bus 48, a strong bus in the system. It is thought that for
strong buses, Z;,(a) method may reliably have a crossover while the Built-In/Self-Coded
methods or Best Component method do not. Thus the Z;,(a) method can give a prediction of
SNBP for strong buses while the Built-In/Self-Coded methods or Best Component method do not,
because the LHS and RHS do not cross each other or diverge. However, this method gives a non-
conservative estimate of SNBP. (In Figure 4.9, the estimate is around 3.3 while the SNBP loading
value for the system is 3.187.) In addtion, uses the same assumption as TE-based method, namely
that the voltage source remains constant during the sampling period. Therefore, this method will
not be considered in later research work in this report. But it might show benefits when using noisy
measurements.
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LHS and RHS of maximumtransfer condition,bus 48,118 bus system
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Figure 4.9 Magnitude of Z; and Z;, at strong bus number 48 vs. the loading scaling factor for
the IEEE 118 bus system

4.2 Validating the Maximum Power Transfer Theorem

As shown in section 4.1, when different numerical methods (including network reduction
techniques which should be accurate to within roundoff error) are applied to MPTT, the SNBP
could be predicted with acceptable accuracy for so-called weak buses, but not for so-called strong
buses. To prove that the problem was not with the equation, but the precision with which the
equation was evaluated, extended precision (250 digit) was used in generating the constituents of
(3.35) for strong buses using network reduction techniques. As shown in Figure 4.10 (b), when
extended precision is used for strong buses, the LHS and RHS of (3.35) indeed are equal at the
SNBP. (The calculated SNBP for the (non-modified) 118 bus system using extended precision is
3.189). Note that there is a “blip” in the LHS curve when using double precision and it might affect
the accuracy of SNBP estimation in some cases. This behavior will be further discussed in later
sections.
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LHS and RHS of maximumtransfer condition,bus 67,118 bus system
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Figure 4.10 LHS and RHS of (3.35) at strong bus number 67 vs. the loading scaling factor for the
IEEE 118 bus system
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4.3 Numerical comparison of different methods using noiseless measurements

In the above section, the MPTT was validated by implementing it using high precision and, in
section 4.1, different numerical methods were investigated to estimate the SNBP based on the
MPTT from measurements. However, it was shown that, regardless of the method used, when only
double precision is used the method cannot predict the SNBP using data from strong buses. Hence,
to be effective, SNBP prediction algorithm should be applied to PMU buses that are close to the
weakest buses in the system. Also it was observed from the above numerical experiments that the
Built-In, Self-Coded and Best Component methods are promising if applied to weak buses, but a
larger performance sample will aid in drawing a conclusion with high confidence. Therefore, more
extensive tests were conducted using these three methods with 11 weak buses on the 118 bus
system in the following sections.

4.3.1 Modified 118 bus system

The tested 118 bus system is modified by adding a small load, S=1+1jMVA, to bus 30, bus 37 and
bus 38 in order to increase the number of testable weak buses in the system. (Because there is no
real or reactive power load at those PQ buses in the original system, the MPTT could not be applied
to those buses.) The loading value at the SNBP for this modified 118 bus system is 3.172 (versus
3.189 for the original system), obtained using the CPF.

4.3.2 Finding the ten weakest buses from modal analysis

Arguably, the most well-known method of determining the weak buses of a system is modal
analysis [29], which will be used here to determine the ten weakest buses of the modified 118 bus
system.

The modal analysis method calculates the eigenvalue and eigenvector of the reduced Jacobian
matrix based on the relation between the incremental bus voltage magnitudes and their respective
incremental reactive power injections. The smallest eigenvalue can be used to estimate the stability
margin and the participation factor calculated from the left and right eigenvectors corresponding
to the critical mode, which provides insight about which bus loads have significant impact on the
system voltage stability. The buses with relatively large participation factors in the smallest
eigenvalue are determined to be the weak buses in the system. Since modal analysis is based on a
linear approximation of the system model, the order of the buses from the weakest to the strongest
might change as the operating condition changes.

The top ten weakest buses (in decreasing order of weakness) obtained from modal analysis using
VSAT [35] and our own MATLAB modal-analysis program for the modified 118 bus system are
listed in Table 4.3, both calculated when the loading of the system is close to its SNBP. Note that
when using VSAT to identify the weakest buses, we can only scale the system load up to 2.35
because VSAT can not give a converged solution beyond that. It can be observed that there is a
one-to-one correspondence between VSAT and MATLAB program except for the 10" weakest
bus, i.e., the strongest one among the 10 weakest buses. Thus, this shows that, in this case, the
order of the top ten weakest buses changes only slightly as the loading changes. The first nine
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weakest buses ( identical for VSAT and MATLAB) and the 10" weakest buses both for VSAT
and MATLAB, totaling eleven buses, are selected to be tested in the following section.

Table 4.3 Ten weakest buses for the modified 118 bus system using modal analysis

VSAT (loading=2.35) MATLAB (loading=3)
Smallest 2.947722 3.035
eigenvalue
No. Bus Part.Fac. Bus Part.Fac
1 21 1 21 1
2 22 0.80834 22 0.83712
3 20 0.47027 20 0.46517
4 44 0.05503 44 0.04171
5 43 0.02785 43 0.0195
6 45 0.01984 45 0.01658
7 23 0.01407 23 0.01603
8 38 0.00313 38 0.00218
9 30 0.0006 30 0.00085
10 37 0.00016 17 0.00012

4.3.3 Numerical results

Numerical tests were conducted on the Built-In, Self-Coded and Best Component methods for the
eleven weakest buses in the modified 118 bus system with different ranges of noiseless pseudo-
measurements. In each experiment, 200 measurements were used to fit a [30/30] Padé approximant
for each variable. The SNBP was predicted either by the crossover or divergence behavior of the
LHS and RHS values of the MPTT equation.The numerical results are shown as follows, where
“Average error” is the average of the absolute value of the errors:

4.3.3.1 Measurements in the range of 50%0-60% of the SNBP

In this experiment, the measurements in the 50%-60% training range were used to fit the Padé
approximant. The percent error in SNBP for the 11 weakest buses using the three numerical
methods are listed in Table 4.4 and the absolute value of the errors is shown in Figure 4.11.
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Table 4.4 Percent error in SNBP estimation for measurements in the 50%-60% training range for
the modified 118 bus system

BUS no. Nurrsle::c(_:?:l rgeéhods Best C - Average error over all
Built-In (%) ¢ (%3) ¢ erfen to([,‘/‘o';"’ methods (%)
21 4.17087 6.882093 8.237705 6.430223
22 12.16898 2.301387 2.04918 5.506515
20 2.175284 9.174023 6.052963 5.800757
44 -1.25158 0.29319 -0.05359 0.532787
43 -0.02207 0.576923 0.608449 0.40248
45 -1.8285 5.422446 5.453972 4.234973
23 -5.64313 12.54729 13.11475 10.43506
38 -2.60404 -0.81021 -1.50378 1.639344
30 0.063052 5.611602 -3.97226 3.215637
37 -0.90479 6.472257 7.796343 5.057797
17 -2.71122 13.52459 18.63178 11.62253
Average error 3.04941 5.783274 6.134071 4.988918
over all buses
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SNBP estimation error%
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Figure 4.11 Percent error in SNBP estimation for measurements in the 50%-60% training range
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4.3.3.2 Measurements in the range of 60%-70% of the SNBP

The numerical results of SNBP estimation using measurements in the 60%-70% training range are
shown in Table 4.5 and Figure 4.12.

Table 4.5 Percent error in SNBP estimation for measurements in the 60%-70% training range for
the modified 118 bus system

Numerical methods

Bus no. Built-In (%) Se”ioc/i())ded Beﬁério(g/lg’o' Averrarl]%(iheor(rj(s)r(oo/(\)/)er all
21 6.431274 4.854981 7.124842 6.137032
22 0.189155 -0.09458 -0.15763 0.147121
20 10.40353 8.228247 8.732661 0.12148
44 -8.62863 0.955233 1.144388 3.576082
43 0.797604 2.689155 2.058638 1.848466
45 -2.60404 0.513871 0.513871 1.210593
23 -14.029 4.287516 7.093317 8.469945
38 0.545397 -2.60404 -2.60404 1.917823
30 -5.42245 4.602774 3.87768 4.6343
37 2.657629 3.225095 3.571879 3.151534
17 2.900378 9.962169 8.417402 7.093317
Average error | 4964462 3.819787 4.117849 4.300699
over all buses
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Figure 4.12 Percent error in SNBP estimation for measurements in the 60%-70% training range

4.3.3.3 Measurements in the range of 70%-80% of the SNBP

The numerical results of the SNBP estimation using measurements in the 70%-80% training range
are shown in Table 4.6 and Figure 4.13.

70



Table 4.6 Percent error in SNBP estimation for measurements in the 70%-80% training range for

the modified

118 bus system

Numerical methods

Bus no. Built-n (%) Se'fioc/i;’ded Ber?ério(g/lg’o' Averr?]geetzhec:crj(;r(%er all
21 0.094578 -0.44136 -0.50441 0.346784
22 1.481715 1.261034 0.031526 0.924758
20 1.680328 1.806431 0.040984 1.175914
44 -0.49496 -1.44073 -1.59836 1.178016
43 1.081337 -0.02207 -0.24275 0.448718
45 0.513871 0.040984 0.040984 0.198613
23 2.909836 1.869483 1.995586 2.258302
38 -0.36885 -0.46343 -0.58953 0.473939
30 0.135561 -0.84174 -0.84174 0.606347
37 0.671501 1.20744 1.302018 1.060319
17 2.373897 1.428121 1.428121 1.74338
Average error 1.073312 0.983893 0.783274 0.946826
over all buses

SNBP estimation error%
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Figure 4.13 Percent error in SNBP estimation for measurements in the 70%-80% training range
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4.3.4 Conclusion

From the above numerical results, it can be observed that the average errors in SNBP estimation
using the three different methods are: 3%-6% for measurements in the 50%-60% range; 3%-5%
for measurements in the 60%-70% range; about 1% for measurements in the 70%-80%. If simply
taking the average of the average of the absolute values of the errors for the three methods, the
approximate errors for each training data range are shown in Figure 4.14. It can be seen that the
closer the measured data is to the SNBP, the smaller is the error in the SNBP estimate.

SNBP estimation error (Average) %

4.96446

3.04941

w

N

1.073312

=

50%-60% 60%-70% 70%-80%

Figure 4.14 Percent error in SNBP estimation for different training data range (average of the ab-
solute value of errors)

If we average over the 11 weakest buses (no absolute value), the Built-In method gives the best
results as shown in Figure 4.15. Other methods may be competitive if more sophisticated algo-
rithms of outlier detection are used.
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Figure 4.15 Percent error in SNBP estimation for different training data range (average errors)

4.3.5 More analysis on the numerical results

When the range of the measurements is 60%-70% of the SNBP, the numerical results as shown in
Figure 4.12 show that the errors in SNBP estimation using the Built-In method for most buses are
less than 7%, which is acceptable. However, the estimation error at bus 23 is 14.029%. (The esti-
mated SNBP is 2.727 while the true SNBP of the system is 3.172), which obviously is an outlier.
Hence, in order to improve the accuracy of our method for estimating the SNBP, we focus now on
finding the cause of this outlier. Bus 43, for which the estimation error is only 0.797%, is also
included in the following tests for comparison.

If we generate the MPTT plot for bus 23 as shown in Figure 6.23 (a), it can be observed that the
yellow line which represents the LHS of (3.35) has a spike at around 2.727 and this point will be
detected as the SNBP by the divergence criteria, which is incorrect. Then by analyzing each com-
ponent in the LHS of (3.35) (9|V;|%, 0R, (), R, (a) and |V;|?), we find that the cause comes from
0|V|? as shown in Figure 6.24 (a).

73



118 bus system, bus 23 118 bus system, bus 43

T T 27

e
wn

05F

LHS/RHS value
&
wn =
. v 4
LHS/RHS value
=

=
o

At 1 At

157 157
22 23 24 25 26 27 28 29 3 31 32 22 23 24 25 26 27 28 29 3 31 32
Load scaling factor Load scaling factor
(@) Bus 23 (b) Bus 43

Figure 4.16 LHS and RHS of (3.35) at bus 23 or bus 43 vs. loading scaling factor
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Figure 4.17 |V;(a)|? at bus number 23 or bus 43 vs. loading-scaling factor

To dive further into determining the root cause of blip in Figure 6.24 (a), the poles and zeros of
the Padé approximants of d|V,|%for bus 23 and bus 43 are plotted in Figure 4.18. It can be seen
that there are a number of poles/zeros accumulating on the real axis in the range [1.9, 2.22], which
is the measured data range. Since we only focus on the range beyond the measured data range for
estimating the SNBP, these poles/zeros will not affect the estimation. And the pole/zero that is
located at around 3.4 should be the actual root of the Padé approximant obtained from measure-
ments and will be taken as the estimated SNBP if using the roots method. (Using the roots method,
an estimated SNBP of 3.4 is significantly inaccurate, which is why the MPTT is used.) Observe
that for bus 23, there is a pole-zero pair in the range between the boundary of the measured data
range and the root of the Padé approximant, located at around 2.73 (also inaccurate if the roots
method were to be used) and this pole-zero pair will affect the behavior of the LHS and RHS of
(3.35). Therefore, when we search for the estimated SNBP detected by crossover or divergence
behavior starting from the boundary of the measured data range, the estimation of the SNBP is
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2.727, which is incorrect. More discussion on the poles and zeros of the Padé approximant obtained
from measurements is contained in section 4.4, as well as suggested remedies for this problem. As
will be seen in section 4.4, this pole-zero pair for bus 23 is caused by round-off error.
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Figure 4.18 Pole-zero plot for 0|V, (a)|? at bus number 23 and bus 43

4.4 Using the roots method to estimate the SNBP

In addition to using the MPTT, one can use the roots (poles/zeros) of the voltage Padé approximant
to estimate the SNBP using the so-called roots method. As seen in section 4.3.5, the location of
the poles/zeros of the Padé approximant is an effective way to analyze numerical issues. Hence
the numerical performance of the roots method will be discussed in the following section.

4.4.1 The effect of order of Padé approximant

The pole-zero plots for different orders of [M/M+1] Padé approximants of V, at bus 23 are plotted
in Figure 4.19 using various numbers of series terms, n. The range of the measurements used to fit
the Padé approximant is 60%-70% of the SNBP, which is 1.9032 to 2.2204 in «a values. The total
number of measurements is 200. It is seen from Figure 6.26 (a) that when the number of terms, n,
used to calculate the Padé approximants is insufficient, like n=4 in this case, there is no pole/zero
on the real axis and thus no SNBP prediction can be made using the roots method. Looking at
Figure 6.26 (b) (c) and (d),we observe that the pole/zero that is located at around 3.4 is viewed to
be the actual root of Padé approximants of V, fitted from measurements and will be referred to
“the meaningful” pole/zero in the rest of the work. It was observed that the location of the mean-
ingful pole/zero changes slightly as n changes. However, as n increases, beyond a certain thresh-
old, as seen in Figure 6.26 (c), poles/zeros occur on the real axis inside and just beyond the training
data range, i.e., [1.9032, 2.2204]. This type of poles/zeros will be referred to “training range”
poles/zeros. When n=20, those training range poles/zeros are all within the training data range and
thus will not affect the accuracy of the SNBP estimation. When n increases to 50, as shown in
Figure 6.26 (d), many poles/zeros accumulating on a circle centered at the origin, which will be
referred to as “the circle” poles/zeros in the following sections. Also, observe in Figure 6.26 (d)
that there is an (approximately real-valued) near-training-range pole/zero located at 2.312, which
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is beyond the training data range and would be taken as the estimated SNBP from roots method,
leading to inaccuracy in SNBP prediction.

Pole/zero plot for VL Pade approximates (N=4) Pole/zero plot for VL Pade approximates (N=10)
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Figure 4.19 Pole-zero plot for different order of V; Padé approximant

Let us define the following variables.

Ngiare 1 the number of terms at which the Padé approximant starts to have a pole/zero on
or near the real axis, which consequently would allow the prediction of the SNBP by the
roots method (as seen in Figure 6.26 (b)) to be reasonably accurate,

Nyange 1s the number of terms at which the Pade approximant starts to have training range
poles/zeros all in the training range but these roots remain within the training range so they
do not affect the accuracy of the SNBP estimation (as seen in Figure 6.26 (c))

Npqq corresponds to the number of terms of the Padé approximant when there exist train-
ing range poles/zeros located beyond the training data range as more and more spurious
poles/zeros appear, thus causing estimation errors (as seen in Figure 6.26 (d)).
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The general conclusion from a series of tests on the modified 118 bus system is that in general:
Ngtare = 7, Nrange = 12 and Npqq = 21. The specific SNBP estimation results for bus 23 are
shown in Figure 4.20.

SNBP estimation VS Nterm
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Figure 4.20 The estimation of SNBP vs. number of series terms used in building the Padé ap-
proximant of V; using 200 measurements

As seen from Figure 4.20, one does not need many terms to obtain a reasonably accurate estimate
of the SNBP and using too many terms will reduce the accuracy of the estimation eventually.
Typically, n=12 to 20 will give a reasonably good SNBP estimation.

4.4.2 The effect of number of measurements

As demonstrated in section 4.1.1, the Padé approximant is calculated by solving a set of overde-
termined equations. Increasing the number of measurements is expected to reduce round-off error.
If we repeat the simulation in section 4.4.1 with 2000 measurements, the result we obtain is:
Ngtart =5, Npgnge = 18 and Npqq = 24, which means we can use a wider range of n selections
and still obtain a good estimate. The specific SNBP estimation results are shown in Figure 4.21.
Notice that the SNBP estimate is more reliable when 2000 samples are used versus 200 samples,
as shown in Figure 4.20.
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SNBP estimation VS Nterms (bus 23)
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Figure 4.21 The estimation of SNBP vs. number of series terms used in building the Padé ap-
proximant of V; using 2000 measurements

4.4.3 The effect of precision

As shown in Figure 4.20, we classify three types of poles/zeros of the Padé approximant by their
locations: meaningful pole/zero, training range pole/zero, and circle pole/zero. To have a better
understanding of which factors affect the locations of those roots, we implemented a high precision
code that we used to perform the following tests. We recognized that spurious roots could be
caused by errors in either the measurements or the calculation of the Padé approximant. Therefore,
we implemented our training algorithm with different numbers of digits of precision in both ob-
taining the pseudo-measurements and fitting the Padé approximants. The simulation results are
shown in Figure 4.22, Figure 4.23, and Figure 4.24. The number of terms used here is 50.
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Figure 4.22 Pole-zero plot for V; Padé approximant for the modified 118 bus system (double
precision measurements, double precision Padé approximant)
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Figure 4.23 Pole-zero plot for V; Padé approximant for the modified 118 bus system (double
precision measurements, 220 digits of precision Padé approximant)
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Figure 4.24 Pole-zero plot for V; Padé approximant for the modified 118 bus system (220 digits
of precision measurements, 220 digits of precision Padé approximant)

By comparing Figure 4.22 and Figure 4.23, we can see that the circle poles/zeros disappear when
using high precision to fit the Padé approximants. Therefore, the circle poles/zeros are in fact spu-
rious roots due to round-off errors during the calculation of the Padé approximant coefficients.
Note that the circle poles/zeros in Figure 4.22 seem to move to the training data range as shown in
Figure 4.23 and the location of the meaningful poles/zeros does not change much when using high
precision to fit the Padé approximants.

By comparing Figure 4.23 and Figure 4.24, we can see that the training range poles/zeros disappear
if both measurements and Padé approximants are calculated with high precision. In addition, the
meaningful poles/zeros are closer to the true SNBP of the system (the meaningful pole/zero is
located at 3.34 and 3.172 in Figure 4.23 and Figure 4.24 respectively). Therefore, we can conclude
that the occurrence of those training range poles/zeros comes from measurement errors. Also, ob-
taining a more accurate estimation of the meaningful pole requires using high precision for both
measurements as well as Padé approximants. Given that precision is limited from PMU measure-
ments (maybe 3-4 accurate digits, if noise is minimal), accurately predicting the SNBP from meas-
ured data will require more elaborate means than the simple roots method.

In summary, in order to improve the accuracy of roots method for estimating the SNBP, one should

focus on reducing measurement noise or eliminating spurious poles/zeros caused by the computa-
tion of Padé approximants.
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4.4.4 Comparison of the MPTT and the roots method

The comparison of SNBP estimation error produced by the MPTT using the Built-In method and
the roots method was performed using the eleven weakest buses for the modified 118 bus system.
The measurements in the 60%-70% range were used to fit the Padé approximant, obtained using
MATPOWER with a power-mismatch convergence tolerance of 108, The numerical results are
shown in Figure 4.25 where mp120 represents using 120 digits of precision to fit the Padé approx-
imants. The error in the SNBP estimation is the average of the absolute errors for all buses shown
in Figure 4.25.

SNBP error% (no noise)
14
12
10

MPTT (double) MPTT (mp120) Roots method Roots method
(double) (mp120)

A O o

N

B N=10 ®N=60

Figure 4.25 Comparison of MPTT and roots method for estimating the SNBP

From Figure 4.25 we can conclude that:

(1) The MPTT method can give more accurate results than the roots method for the system
test. The roots method is more sensitive to the number of terms and digits of precision
used for the Padé approximant.

(2) Reducing the order of Padé approximant (for example, using #=10 instead of n=60 in
this case) helps to eliminate estimation errors with the roots method and with the MPTT
method when using double precision.

(3) Increasing precision can improve accuracy, which is expected. But when we use a
small-order Padé¢ approximant (n=10 for example), the effect of precision is not as sig-
nificant.

Therefore, generally, estimating the SNBP using the MPTT method with double precision and
n=10 for the Padé approximant seems to be a prudent choice. More numerical experiments on a
wide variety of systems is needed to confirm this hypothesis.
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4.5 Numerical comparison of different methods using noisy measurements

45.1 Numerical results

We inserted random noise (zero mean, standard deviation of 0.01) in a range of PMU voltage
pseudo-measurements from the modified 118 bus system and repeated the same numerical tests as
presented in section 4.3. The numerical results we obtained are shown in Table 4.7 and Figure
4.26. The average error in SNBP estimation for a 70%-80% training range is around 15%, which
is unacceptable. The poles/zeros of the Padé approximant for bus 23 are plotted in Figure 4.27. It
is observed that there are no meaningful poles/zeros in this plot because of the corruption of the
measurements by noise; therefore, neither the MPTT method nor the roots method works and more
research is needed in the future to develop different methods for ameliorating measurement error.

Table 4.7 Percent error in SNBP estimation for noisy measurements in the 70%-80% training
range for the modified 118 bus system

BUS no. ngnﬁfiga(lj rréethods Best C - Average error over all
Built-In (%) (050 ) ode o t‘EQ/‘O';’O methods (%)
21 -19.4515 -19.1362 -16.6141 18.40059
22 -19.4515 -17.8752 -19.4515 18.92602
20 -19.1362 17.74905 -4.6343 13.83985
44 11.44388 -15.0378 -15.3531 13.94493
43 -13.4615 -7.47163 -11.2547 10.7293
45 -19.4515 -19.4515 -19.1362 19.34636
23 -16.2989 -7.78689 -19.4515 14.5124
38 -17.2446 -19.4515 -19.4515 18.71585
30 -11.57 -19.4515 6.399748 12.47373
37 -15.6683 -18.8209 -19.4515 17.98024
17 -10.6242 -0.8512 -15.9836 9.153005
Average error | 1580018 14.82575 15.19833 15.27475
over all buses
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Figure 4.26 Percent error in SNBP estimation for noisy measurements in the 70%-80% training
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Figure 4.27 Pole-zero plot for V; Padé approximant with noisy measurements
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4.5.2 Analytic Derivative method

In the above tests, the components 3|V, (a)|?and AR, in the MPTT were obtained by directly fit-
ting the corresponding Padé approximant from the corresponding numerically calculated incre-
mental values, i.e., the numerically calculate voltage and load resistance increments (i.e., subtrac-
tion of adjacent measurements), respectively. Even relatively small deviations in these measure-
ments from the true values (due to measurement noise) will have a large effect on the value of the
increment, and therefore on the derivative. To eliminate the use of the numerically calculated in-
cremental values, another fitting technique was developed, specifically the “Analytic Derivative”
method, introduced next.

In the Analytic Derivative method, rather than taking the derivative numerically by subtracting
adjacent measurements, the Padé approximant of the needed function is first constructed and then
the derivative of this function is performed analytically. For example, the Padé approximant for
d|Vi(a)|? is obtained by first fitting the Padé approximant to |V;(a)|? from the square of the
magnitude of the source voltage measurements and then taking the derivative of this rational func-
tion. The approach to getting the Padé approximant for dR; is similar. The MPTT results using
the Analytic Derivative method for weak bus 22 in the modified 118 bus system from noiseless
measurements is plotted in Figure 4.28 and compared with the results from the Built-In method.
The measurement range is 60%-70% of the SNBP load, i.e., a in the range 1.9032<a<2.2204. It
is shown that the Analytic Derivative method does not perform as well as the Built-In method
because the LHS of the MPTT for the Analytic Derivative method deviates more from the true
curve earlier than the Built-In method. It is believed that performance is inferior in cases with
noiseless measurements because the process of taking the derivative for d|V;(«)|?> and dR,, pro-
duces roundoff error.

14 118 bus system, bus 22
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Figure 4.28 LHS and RHS of (3.35) at weak bus number 22 vs. the loading scaling factor for the
modified 118 bus system using noiseless measurements
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Next, we inserted random noise (zero mean, standard deviation of 107° and 107°) into the volt-
age measurements and repeated the above numerical tests. The MPTT results using noisy meas-
urements with a standard deviation of 102 and 10~° are shown in Figure 4.29 and Figure 4.30,
respectively. We can see that when using measurements with noise, the Analytic Derivative
method performs better than the Built-In method because it avoids the use of numerically calcu-
lated incremental values. However, this method is still not able to estimate the SNBP with accepta-
ble accuracy. More effort is needed to improve the numerical performance.

118 bus system, bus 22
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Figure 4.29 LHS and RHS of (3.35) at weak bus number 22 vs. the loading scaling factor for the
modified 118 bus system using noisy measurements with standard deviation of 10
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Figure 4.30 LHS and RHS of (3.35) at weak bus number 22 vs. the loading scaling factor for the
modified 118 bus system using noisy measurements with standard deviation of 107

453 Summary

From above tests, we see that the noise in the measurements (whether injected, or inherent as
roundoff error in the calculation of the pseudo-measurements) has a similar effect on poles/zeros
as roundoff error (generated in the calculation of the Padé approximant). They lead to spurious
roots in the Padé approximant and affect the accuracy of the non-spurious poles/zeros and the
accuracy of the SNBP prediction. It is important to develop methods to eliminate the effect of
noise, which is left as future work.

4.6 Summary

This chapter concentrates on the application of HEM to the estimation of the SNBP using local
measurements. We developed a nonlinear Thévenin-like network from HE reduction and establish
the Maximum Power Transfer Theorem for estimating the SNBP, which has been validated using
high precision. Different numerical methods are investigated and the comparison of their numeri-
cal performance is conducted on a modified version of the IEEE 118 bus system using measure-
ments with/without noise. We also looked at the poles/zeros of the Padé approximant to analyze
the source of estimation error. We found that spurious pole/zero pairs caused by measurement
error and roundoff error impacted accuracy. Developing different ways to minimize the effect of
noise is necessary and is left for future work.
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5. Conclusions

The local-measurement-based methods of estimating the SNBP using linear Thévenin networks
were explored along with the possible impacts of discrete changes on such methods. HE-reduction
was used to develop nonlinear Thévenin-like networks for which the maximum power transfer
condition was derived and verified. It was shown that, for such Thévenin-like networks as well as
nonlinear multi-bus reduced-order networks, the topology and impedances of the reduced network
can be arbitrarily assumed and measurements be used to fit the polynomials for the nonlinear volt-
age source/current injections. A revised sigma index was obtained using the nonlinear Thévenin-
like network, however it was seen that it cannot be used in raw form to estimate the weak buses in
the system. Whether the sigma index can be used in some form to identify weak buses remains an
open problem.

The theory for building nonlinear networks from PMU measurement of the bus-voltage and then
using the MPTT and the roots method to predict the SNBP was developed. The performance of
some of the proposed numerical methods worked acceptably on noiseless pseudo-measurements.
When these methods were used with pseudo-measurements that were corrupted with noise the
performance was less accurate than hoped. Methods for improving the performance are suggested
in the report.
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