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Abstract—Geomagnetically induced currents (GICs) have the
potential to severely disrupt power grid operations, and hence
their impact needs to be assessed through planning studies. This
paper presents a methodology for determining the sensitivity of
the GICs calculated for individual and/or groups of transformers
to the assumed quasi-dc electric fields on the transmission lines
that induce the GICs. Example calculations are provided for two
small systems and for the North American Eastern Interconnect
model. Results indicate that transformer GICs are mostly due to
the electric fields on nearby transmission lines, implying localized
electric field models may be appropriate for such studies.

Index Terms—Geomagnetic disturbance (GMD), geomag-
netically induced currents (GICs), power flow, power system
sensitivity analysis.

I. INTRODUCTION

I T is now widely recognized that geomagnetic disturbances
(GMDs) caused by solar activity have the potential to se-

verely impact the operation of interconnected electric power
systems worldwide. As noted in [1], the potential for GMDs
to interfere with power grid operation has been known since at
least the early 1940s. The basic mechanism for this interference
is GMDs cause variations in the earth’s magnetic field. These
changes induce quasi-dc electric fields (usually with frequen-
cies much below 1 Hz) in the earth with the magnitude and di-
rection of the field GMD event dependent. These electric fields
then cause geomagnetically induced currents (GICs) to flow in
the earth’s crust (with depths to hundreds of kms), and in other
conductors such as the high voltage electric transmission grid.
In the high voltage transformers the quasi-dc GICs produce an
offset on the regular ac current that can lead to half-cycle sat-
uration, resulting in increased transformer heating and reactive
power losses [1].
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The North American Electric Reliability Corporation
(NERC) in a February 2012 special reliability assessment
report on GMDs [2] notes that there are two primary risks
associated with GICs in the bulk electric system. The first is the
potential for damage to transmission system assets, primarily
the high voltage transformers. The second is the loss of reactive
power support leading to the potential for a voltage collapse.
This paper focuses on the second risk, building on the ex-

isting literature considering the power flow modeling needed to
provide an assessment of the GIC related voltage stability risks.
The paper’s particular emphasis is to provide theory and case
study results on the sensitivity of the transformer GICs to the
assumed GMD induced electric fields.
The paper presents an approach to help power engineers de-

termine the appropriate amount of an interconnected electric
transmission system that needs to be represented in detail to
correctly determine the GICs in transformers of interest. The
GICs that flow in a transmission system are ultimately driven
by the GMD-induced geoelectric fields at the earth’s surface,
with a number of papers providing details on the calculation
of these fields, for example [3]–[5]. The geoelectric field cal-
culations can be quite involved, potentially requiring detailed
models of the earth’s crust conductivity, and as noted in [4], [6],
and [7] can be significantly influenced by the nearby presence
of salt water.
However, which electric fields need to be modeled in detail is

driven in part by the conductivity structure of the electric trans-
mission system. Earlier work has shown that GICs in general do
not flow over large distances in interconnected power grids [8],
with [9] and [10] providing results for the Finnish 400-kV grid.
This paper builds on such earlier works by providing a com-
putationally efficient algorithm to quantify the sensitivity of the
transformer GICs to the GMD induced electric fields, presenting
case study results for two small systems and for a large system
model of the North American Eastern Interconnect (EI).
The paper is arranged as follows. Section II describes the

GIC power flow methodology, introduces a small four-bus
example model and explains the need for the sensitivity anal-
ysis presented in this paper. Section III presents the sensitivity
analysis algorithm while Section IV applies the algorithm to a
four-bus system and the twenty bus GIC test system of [16],
while Section V provides example results for a 62 500-bus
model of the EI.

II. GIC POWER FLOW MODELING METHODOLOGY

The inclusion of the impact of GICs in the power flow
was first described in [11] with later consideration for large
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system studies in [12] and [13]. An analysis of a large scale
power system such as Dominion Virginia Power was recently
presented in [14].
The approach from [13] can be summarized as follows. Con-

sider a standard m bus power flow model (e.g., positive se-
quence) in which the m buses are grouped into s substations;
let . Because the GICs are considered to be dc, how
they flow through the power grid can be determined by solving

(1)

where is an n by n symmetric matrix similar in form to the
power system bus admittance matrix, except 1) it is a real ma-
trix with just conductance values, 2) the conductance values are
determined by the parallel combination of the three individual
phase resistances, 3) is augmented to include the substa-
tion neutral buses and substation grounding resistance values,
4) transmission lines with series capacitive compensation are
omitted since series capacitors block dc flow, and 5) the trans-
formers are modeled with their winding resistance to the substa-
tion neutral and in the case of autotransformers both the series
and common windings are represented. Of course for large sys-
tems is quite sparse and hence (1) can be solved with compu-
tational effort equivalent to a single power flow iteration. When
solved the voltage vector contains entries for the s substation
neutral dc voltages and the m bus dc voltages.
The vector models the impact of the GMD-induced elec-

tric fields as Norton equivalent dc current injections. Two main
methods have been proposed for representing this electric field
variation in the power grid: either as dc voltage sources in the
ground in series with the substation grounding resistance or as
dc voltage sources in series with the transmission line resis-
tances [11], [15]. In both approaches these Thevenin equivalent
voltages are converted to Norton equivalent currents that are
then used in . In [15] it was shown that while the two methods
are equivalent for uniform electric fields, only the transmission
line approach can handle the non-uniform electric fields that
would be expected in a real GMD event. This is the approach
used in this paper.
Using the approach of [15], to calculate the GMD-induced

voltage on transmission line k, , the electric field is just inte-
grated over the length of the transmission line [16]

(2)

where is the geographic route of transmission line k, is the
electric field along this route, and is the incremental line seg-
ment. Note, here we use the symbol U for the voltages induced
in the lines to differentiate from the bus and substation voltages
in (1).
If the electric field is assumed to be uniform over the route

of the transmission line then (2) is path independent and can be
solved by just knowing the geographic location of the transmis-
sion line’s terminal buses. In this case (2) can be simplified to
either

(3)

when expressed in rectangular coordinates, or

(4)

if polar coordinates are used. In (3) is the northward elec-
tric field (V/km) over line k, is the eastward electric field
(V/km), is the line’s northward distance (km), and is
the eastward distance (km). In (4) is the magnitude of the
electric field (V/km), is its compass direction (with north
defined as 0 degrees), is the distance between the two ter-
minal substations of the line, and is the compass direction
from the substation of the arbitrarily defined “from” bus i to the
substation of the “to” bus j.
Define the electric field tangential to the line as

(5)

Then using (5), (4) simplifies to

(6)

The degree of solution error introduced by assuming a uni-
form field over a line’s route is one of the contributions of this
paper. However, it is important to note that assuming the elec-
tric field is uniform over the path of a particular line is quite dif-
ferent than assuming the field is uniform throughout the study
footprint. Because GMDs are continental in scope, the varia-
tion in the electric field over most line lengths would likely not
be significant. In the case of long lines, the voltage can be ap-
proximated by dividing the line into segments, and assuming a
uniform field over the individual segments, and then summing
the results.
In developing the sensitivity analysis in the next section, it is

useful to modify (1) to write the input in terms of the vector of
electric field magnitudes tangential to each of the K transmis-
sion lines in the system

(7)

where is a K-dimensional real vector with entries giving the
magnitude of the electric field tangential to each line, as per (5).
is an n by K real matrix in which each column, corresponding

to line k, has non-zeros only at the location of the “from” end
bus i and the “to” end bus j; the magnitude of these values is the
line’s conductance, , multiplied by the distance between the
line’s terminal, , with a sign convention such that the “from”
end has a positive value, and the “to” end a negative value.
Before moving on to the sensitivity derivation, it may be

helpful to introduce a small example system. Consider the three
substation , four-bus system shown in Fig. 1
with Bus 1 in Substation A, Buses 2 and 3 in Substation B
and Bus 4 in Substation C. Assume all the substations have
grounding resistance 0.2 , that the Bus 1 generator has an
implicitly modeled generator step-up (GSU) transformer with
resistance of 0.15 /phase on the high (wye-grounded) side
(0.05 for the three phases in parallel), and that the Bus 4
generator has a similar GSU transformer with 0.15 /phase.
There is a 345-kV transmission line between Buses 1 and 2 with
resistance of 3 /phase, and a 500-kV line between Buses 3
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Fig. 1. Three substation, four-bus GIC example.

TABLE I
MATRIX (IN SIEMENS) FOR THE FOUR-BUS SYSTEM

TABLE II
MATRIX (IN SIEMENS-KM) FOR THE FOUR-BUS SYSTEM

TABLE III
VECTOR (IN VOLTS) FOR THE FOUR-BUS SYSTEM

and 4 with a resistance of 2.4 /phase. Buses 2 and 3 are con-
nected through a wye-grounded autotransformer with resistance
of 0.04 /phase for the common winding and 0.06 /phase for
the series winding.1

Assume the substations are at the same latitude, with Substa-
tion A 150 km to the west of B, and C 150 km to the east of B.
With a 1 V/km assumed eastward GMD induced electric field
(parallel to the lines), (6) gives induced voltages of 150 V for
each of the lines. The system matrix is shown in Table I and
the matrix in Table II.With an assumed eastward electric field
of 1 V/km the input vector is

(8)

Substituting this into (7) gives the voltage vector values
shown in Table III.
Once the voltages are known, the GICs flowing in the

transmission lines and transformers can be determined by just
solving the dc circuit equation for each line, including the
GMD induced series voltage for each of the transmissions
lines. A potential point of confusion in interpreting the results

1Since the concept of per unit plays no role in GIC determination, resistance
values are expressed in Ohms , current is in amps (A), and the dc voltages
are given in volts (V).

of the GIC calculations is to differentiate between the per phase
GICs in transmission lines and transformers, and the total
three phase GICs in these devices. Since the three phases are
in parallel, the conversion between the two is straightforward
with the total current just three times the per phase current. The
convention commonly used for GIC analysis is to use the per
phase current for transformers and transmission lines, and the
total three phase current for the substation neutral current. Thus
for the Fig. 1 system the current flowing in the transmission
line between Buses 1 and 2 is

(9)

The coupling between the GIC calculations and the power
flow is the GIC-induced reactive power loss for each trans-
former r, which is usually modeled as a linear function of the
effective GIC through the transformer [1], [17], [18] with [19]
making the observation that these reactive power losses vary
linearly with terminal voltage

(10)

where is the additional reactive power loss for the trans-
former (inMvar), is the per unit ac terminal voltage for the
transformer, and is a transformer specific scalar with units
Mvars/amp.
The value of used in (10) is an “effective” per

phase value that depends on the type of transformer. In the
simplest case of a grounded wye-delta, such as is common for
GSU transformers, is straightforward—just the cur-
rent in the grounded (high-side) winding. For transformers with
multiple grounded windings and autotransformers the value of

depends upon the current in both coils [11]. Here we
use the approach of [18] and [13]

(11)

where is the per phase GIC going into the high side
winding (i.e., the series winding of an autotransformer),
is the per phase GIC going into the low side of the transformer,
and is the standard transformer turns ratio (high voltage di-
vided by low voltage). Note, for an autotransformer the current
going into the common winding would just be

(12)

The last step needed to facilitate the derivation of the trans-
former effective current sensitivities is to define a column vector
of dimension n such that

(13)

where is quite sparse, containing the per phase conductance
values relating the GIC bus and substation dc voltages to the cur-
rent. For a GSU transformer with a single grounded coil going
between bus i and substation neutral s with conductance , the
only nonzeros in would be at the bus i position, and at
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TABLE IV
VECTORS (IN SIEMENS) FOR THE FOUR-BUS SYSTEM;

NOTE VALUES ARE CONDUCTANCE PER PHASE AS OPPOSED
TO THE THREE PHASE VALUES USED IN

the substation neutral s position. For an autotransformer between
series bus i, common bus j and substation neutral s, (11) is

(14)

The vectors for the three transformers in the four-bus ex-
ample are given in Table IV. Using these values and from
Table III the values of 40.9 amps (Bus 1 GSU), 46.1
amps (Bus 4 GSU) and 17.9 amps (Bus 2 to 3 Autotransformer)
are readily verified.

III. SENSITIVITY ANALYSIS

A key concern in performing a power flow GIC impact study
is to know the sensitivity of the results to the input electric field
assumptions. Motivated by the optimal power flow control sen-
sitivities in [20], differentiating (13) with respect to the electric
field vector input gives a column vector of dimension K

(15)

with the resolved using the sign of the absolute value argu-
ment from (13). The interpretation of these results is each entry
k in , tells how for the rth transformer
would vary for a 1 V/km variation in the electric field tangential
to the path of transmission line k.
Then from (13) and (15), and referring back to the direction

definitions from (4)

(16)

in which the elements of the summation indicate the contribu-
tion to for the rth transformer provided by each line in
the system for the case of a (potentially) non-uniform field. In
the case of a uniform field applied to the entire case then
will be the same for all the transmission lines.
Several observations are warranted. First, from a compu-

tational perspective (15) is quite straightforward to evaluate.
Since is symmetric, once it has been factored
can be solved with just a forward and backward substitution.

Furthermore, since is quite sparse, sparse vector methods
[21] could be used to quickly perform at least the forward
substitution, and the backward substitution if results are only
needed for a limited portion of the system.
Second, the magnitude of the entries in indicate the

transmission lines that are most important in contributing to
for a uniform field, with the simple scaling from

(16) generalizing to the non-uniform case. Hence a more
accurate knowledge of the electric field associated with the
most sensitive lines is warranted, and as will be shown in large
cases, often most of the lines have little influence and hence
information about their electric fields is irrelevant.
Third, since during a particular GMD the field direction could

change rapidly, and certainly may not be the same everywhere,
the L1-norm of actually provides the worst case scenario
for a uniform electric field storm. That is, the sum of the absolute
values of the elements of tell the absolute maximum value
for in the unlikely event that a 1 V/km storm was ori-
ented tangentially to all the transmission lines. Or, perhaps more
usefully, tangential to the lines most important to transformer r.
Fourth, the previous observation can be generalized for the

non-uniform case by defining

(17)

where each of the elements in the summation tells the maximum
GIC current that could be contributed by each transmission line
when subjected to the specified non-uniform field aligned tan-
gentially to the line.
Fifth, one of the issues associatedwithGMDassessment is the

observation that the GICs are often lower for those transformers
located in the “interior” of the network compared to those located
on the “edge” since for the interior transformers theGICsflowing
into one side of the transformer’s substation tend to be canceled
by those flowing out the other side [22], [18], [23], [24]. This is
not the case for those on the edge, defined as a location in which
most of the transmission lines leave the substation in a similar
direction. Edges are often caused by geographic constraints such
as water or mountains, or by more arbitrary ones such as utility
service territory boundaries in which transmission lines emanate
from generators near the boundary in a common direction. Here
we propose a measure to quantify this effect

(18)

with the value of , which is calculated using (17), depen-
dent on an assumed direction for the field. However is inde-
pendent of the magnitude of since its values are used in both
the numerator and denominator. Higher values of indicate
transformers closer to a network edge.
Finally, this analysis can easily be extended to allow consid-

eration of multiple transformers simultaneously. For example,
one may be interested in knowing the sensitivity of the sum of
the effective currents for all the transformers in a particular set
R. This can be done by defining

(19)
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TABLE V
TRANSPOSE OF VECTORS FOR THE FOUR-BUS SYSTEM

again with the resolved using the sign of the absolute value
argument from (13) for each transformer r. Then

(20)

tells the dependence of the effective currents for all the trans-
formers in set R on the electric fields for each of the transmission
lines. Hence the incremental impact on to a change in
any (or all) of the assumed electric fields can be readily calcu-
lated. Also, if desired the sensitivity of the total GIC related re-
active power losses for the transformers inRcould be determined
by scaling the values in each by the coefficients from (10).
The next section provides examples of these sensitivity cal-

culations using the earlier four-bus system along with the 20 bus
example from [16]. Then, the following section provides some
results from the 62 500-bus EI model with a focus on the Amer-
ican Electric Power (AEP) East footprint.

IV. SMALL SYSTEM EXAMPLES

For the four-bus system introduced previously with the as-
sumed eastward electric field of 1 V/km, using (15) gives the
sensitivity values shown in Table V. As noted immediately fol-
lowing (15), since the transformer effective currents are defined
using an absolute value, the sign of the associated sensitivities
depends upon whether the argument in the absolute value func-
tion of (13) is positive or negative. For the four-bus system the
values are positive for the Bus 1 GSU and the autotransformer,
and negative for the Bus 4 GSU, resulting in a change in sign for
the Bus 4 GSU values shown in Table V. Since the electric field
is 1 V/km and applied tangentially to each line, the for
each transformer can be verified using (16) as just the sum of
values in each column.
The strong dependence of the transformer effective currents

on the nearby lines is immediately apparent in Table V. For ex-
ample, the Bus 1 GSU is more than six times as sen-
sitive to the electric field on the adjacent line between Buses
1 and 2, compared with the more distant line between Buses 3
and 4. The cancellation effect is also apparent for the interior
autotransformer compared to the two edge GSUs, with the elec-
tric field on the line between Buses 1 and 2 actually helping to
decrease the effective current for the autotransformer. In this
example since the two transmission lines point in the same di-
rection, the value of is 1.0 for each of the GSUs. For the
autotransformer (17) indicates the “worst case” scenario for a 1
V/km field would be if it were oriented east to west on one side
of the transformer, and west to east on the other side, funneling
all of the GICs into the autotransformer. The value of is

(21)

with the lower value indicating an interior location.

Fig. 2. Twenty-bus GIC test system one-line showing 1 V/km eastward values.

TABLE VI
TRANSPOSE OF VECTORS FOR TWO

TRANSFORMERS FROM THE TWENTY-BUS SYSTEM

Next the algorithm is applied to the twenty bus test system
from [16]. A one-line of the system is shown in Fig. 2, in which
the arrows visualize the flow of the GICs for the 1 V/km east-
ward (90 degree) field scenario; the size of the arrow is propor-
tional to the GICs on each of the devices.
Table VI gives the sensitivity values for two transformers,

GSU Transformer T3 going between Buses 18 and 17 (shown
on the upper left edge of the one-line) and autotransformer T8
going between Buses 20 and 5 (shown in the middle of the
one-line). For the 1 V/km eastward field the effective currents
are 31.55 A for T3 and 13.07 A for T8 with the amounts con-
tributed by each line given in columns two and four, respec-
tively. Columns three and five give the line contributions as-
suming a tangential field. For this field direction the values of
the ’s are

(22)

indicating, respectively, their edge and interior locations.
As was the case for the four-bus system, for T3 large amount

of the GICs are contributed by the nearby transmission lines
with the three first neighbor transmission lines (i.e., those di-
rectly connected to the transformer), (2-17, 17-16, 17-20), con-
tributing A (48.8%), while the
second neighbor lines (2-3, 16-20) contribute another 18.5%;
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TABLE VII
SENSITIVITY ANALYSIS OF CERTAIN TRANSFORMERS IN THE AEP EAST AREA

Fig. 3. Portion of EI encompassing the AEP East system footprint with GIC
flows and Table VII transformer locations.

the most distant lines (6-11, 11-20) contribute only about 1%.
This effect is less dramatic for T8 because of 1) the relatively
small system size, and 2) its more central location. In the next
section the dependence of the effective currents on the more
local transmission lines will be demonstrated using the much
larger EI model.

V. LARGE CASE EXAMPLES

In this section sensitivity analysis is demonstrated using
a 62 500-bus, 7500-transformer, 57 500-transmission line EI
model. Here the analysis is focused on a subsystem of the EI
model, the American Electric Power (AEP) East footprint that
covers a portion of the eastern US shown in Fig. 3. In the model
AEP East contains about 1300 buses, 275 transformers, and

1900 transmission lines. The figure uses yellow arrows to show
the magnitude and direction of the GIC flows for an assumed 1
V/km uniform eastward field applied to the entire EI.
Table VII shows the results of the sensitivity analysis, with

the transformers at the edges of the network marked as (e), and
the ones in the middle of the systemmarked as (m). The location
of the six Table VII transformers, arbitrarily named A–F, are in-
dicated on the figure. Some of these transformers were selected
based on the results of a previous study [24], wherein the trans-
formers that are likely to exhibit the highest neutral currents for
various electric field scenarios were determined.
Several key transformers, including GSUs and auto-trans-

formers, of different nominal voltages and locations were in-
vestigated. For each transformer the table shows 1) the value

, computed using (17), 2) some statistics on the transmis-
sions lines that contributed to this value calculated using (15),
and 3) the values of and computed using an as-
sumed northward (0 degree) and an assumed eastward (90 de-
gree) uniform 1 V/km electric field.
Table VII indicates that for these transformers, GICs are lo-

calized, in that out of the 57 500 transmission lines in the entire
study footprint, less than 100 lines account for 90% of the GIC
in a particular transformer. This means that while performing a
GMD analysis, accurate information of the GMD induced volt-
ages on only this small subset of transmission lines would ulti-
mately be needed.
In the case of transformers located at the edges of the network,

the most sensitive line for a particular transformer contributes
a higher percentage of GICs than the most sensitive line for a
transformer located in the middle of the network. The value of

for a given transformer represents the absolute worst case
maximum value for a 1 V/km electric field. Com-
paring this to the actual for a northward (0 degree)
or an eastward (90 degree) field, the table shows that the over-
estimation of the effective GICs, indicated by , over the
actual effective value is higher in the cases of transformers in
the middle than those at the edges.
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Also the results show that the 765 kV lines contribute most
of the GICs to these transformers. This can be attributed to the
fact that they connect the first neighbor buses to the transformers
of interest (with the term “first neighbor buses” used to indicate
buses that are connected to a terminal of the transformer through
a single transmission line). It also appears that the number of
first neighbor buses is proportional to the number of lines nec-
essary to contribute 75% of that transformer’s GIC. The data
shows that the fewer the first neighbor buses, the fewer lines re-
quired to contribute 75% of the transformers GIC.
Finally, to get a feel for the transmission lines GIC contribu-

tions for the entire AEP East footprint, (19) and (20) were used
with R defined as the set of the 60 AEP East transformers with
the largest effective currents. With a 1 V/km uniform eastward
field the net for these 60 transformers is 666.3 A. Of
this 629.4 A (94.4%) is contributed by AEP East transmission
lines (including tie-lines), with a single 765 kV line contributing
almost 10%. Overall the ten transmission lines with the highest
contributions provide 52% of the total, while the highest twenty
lines contribute 76% of the total effective transformer GICs. Re-
sults are similar for a northward field, with a total of
684.0 A with 647.9 A (94.7%) contributed by AEP East lines. In
both cases about 1% of the transmission lines contributed about
99% of the GICs, and geographically these lines were relatively
close to the affected transformers.
The ramification is that detailed knowledge of the GMD-in-

duced electric fields is probably needed only for transmission
lines within or nearby to the study footprint, and that this set of
transmission lines can be computed with good computational
efficiency using (20), which does not require a priori electric
field knowledge. This is a quite useful result since in some
geographic locations, such as near salt water or in locations
with varying crust conductivity, the field calculations can be
involved. For footprints outside such regions simpler models,
perhaps even uniform electric fields, could be used. Even for
footprints containing more complex geographic locations, the
more detailed electric field calculations are only needed for the
footprint itself and nearby locations.

VI. SUMMARY AND FUTURE WORK

This paper has presented a computationally efficient al-
gorithm for determining the set of transmission lines that
contribute most to the effective GICs in a specified set of
transformers. Large system results have indicated that the
detailed GMD induced electric fields are often only needed
for transmission lines within or nearby to a specified study
footprint.
In closing it is important to note issues that are left for future

work. First, this paper has not considered the dependence of the
results on the size of the system model itself. That is, the size
of the matrix. From a computational perspective this isn’t a
significant limitation since the matrix can be quickly factored
even for large systems such as the EI. However, obtaining the
GIC specific parameters needed to construct , such as the sub-
station grounding resistance, can sometimes be difficult. As was
mentioned in [13], default parameters can be used if necessary,
but quantification of the associated error is an area for future
research.

Second, this paper has not addressed the issue of how large of
a study footprint is needed. If computational speed is a key con-
cern, then this paper suggests the ability to first create a smaller
equivalent system, with the equivalent explicitly retaining the
most sensitive lines. A variety of equivalencing approaches
could be used, with [25] providing a good overview of the
possible methods. The size of the equivalent system would
depend, in part, upon the focus of the study. As mentioned in
the introduction (from [2]), there are two primary risks to the
bulk grid from GICs: damage to transformers due to increased
heating and loss of reactive support leading to voltage collapse.
Just knowing the transformer GICs can be helpful with the first,
and would allow for a smaller equivalent system. In contrast,
to determine the impact of the GICs on the second requires
power flow studies as described in [11], [12], and [13]. The set
of transformers for which the reactive power losses need to be
calculated [i.e., using (10)] has not been addressed in this paper.
Such transformers would need to be included in an equivalent.
This is an area for future study, undoubtedly building upon the
rich voltage stability literature.
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