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Abstract

This paper presents a new model for efficient
calculation of spot prices and animation and
visualization of spot price evolution as the system
operating point is changing. The computational method
is based on the quadratized power flow approach that
cast the power flow problem as a set of quadratic
equations. The load model consists of constant power,
constant impedance and induction motor loads. The
electric load time variation is modeled via a small set of
independent random variables resulting in a
nonconforming electric load model. Constraints of
voltage limits as well as circuit loading are imposed.
For a specific load point, the operation of the system is
determined by the appropriate formulation of the power
flow problem and subsequent solution. At this operating
point, the spot prices are computed from a linear
program defined at the operating point. The results are
visualized in a three-dimensional OpenGL display. As
the system load evolves, the spot prices are recomputed
and the visualization display is updated thus generating
an animated evolution of the system spot prices. The
paper describes the proposed computational method and
discusses the efficiency of the proposed method. The
method is also demonstrated on the IEEE RTS system
which has been modified to include a model of a spot
price market. The presentation of the paper will include
a demonstration of the visualization and animation of
the spot prices for the IEEE RTS system.

Keywords: Spot Prices, power flow, linear program,
visualization, animation.

1. Introduction

Recent industry trends and formation of power markets
have generated the requirement of better ways to
understand the spot market or day ahead markets, or any
other form of market structure. Independently of market
structures, a better way of displaying and disseminating
market relevant quantities has become a desirable tool.
This paper is focused on providing a better model for the
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computation of market relevant quantities and displaying
these quantities in an animated fashion. We have
selected spot prices as the market relevant quantities to
be displayed. The proposed procedures are equally
applicable to any other market relevant quantities.

A key component of the proposed approach is to develop
a better model for the computation of spot prices. The
proposed model consists of four innovations: (a) a
quadratic power flow model, (b) a nonconforming
electric load model, (c) an efficient linearization
procedure based on the co-state method for setting-up a
linear program for the computation of spot prices, and
(d) a geometric construction of the three-dimensional
display of spot prices for any system geography,
implemented in OpenGL.

The paper describes the above four innovations. An
example application is presented for a small electric
power system. Snapshot displays of the animations are
given in the paper. In addition, the IEEE RTS system [9]
has been modified to include a spot market model. At
the presentation of the paper, live demonstration of the
animations will be given.

2. Proposed Power Flow Model

We present a new power flow formulation where the
electric load is assumed to consist of any combination of
(a) constant power load, (b) constant impedance load, (c)
induction motor load, and (d) switched shunt capacitors
or reactors. The usual power flow assumptions are also
made i.e. the system operates under balanced conditions
and the system components are represented by their
positive sequence models.

Figure 1 shows a symbolic representation of a general
power system bus. A generator, a constant impedance
load, a constant power load, an induction motor load,
and switched shunt capacitor/reactors are connected to
the bus together with a transformer and a circuit
(transmission line) to other buses. As an example, the
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generator and circuit models are described next. The
generator model is nonlinear and the circuit model is
linear.

Figure 1. Symbolic Representation of a General
Power System Bus — Positive Sequence Network

Generator Model. The illustration below shows the
mathematical model and icon used in the graphical user

interface for the generator model.

Mathematical model

N,

The generator has three control modes: (a) Slack mode
(voltage magnitude and phase angle control), (b) real
and reactive power control (PQ mode), and (c) real
power and bus voltage magnitude control (PV mode).
The equation representing each of these modes are given
below.

1P, iQg
BUS k

Slack mode: This control mode sets the bus voltage
magnitude to a specified value and the bus voltage phase
to zero. The following equations hold:

~ 1 . 1
ngzg(_ng-i_]ng)i;;_k* (D)

_12 2 2
0.0= Vkr + Vki - Vk,given
Where: The subscripts » and i indicate phasor real and
imaginary parts, and the subscript k is the bus number
where the generator is connected, P +/Q, 1is the
complex power produced by the generator, and 7, given

is the specified voltage magnitude

PQ mode: This control mode sets the real and reactive
power injected into the bus to specified values. The
following equations hold:

~ 1 . 1
T, = 5(— Py + Oy )7; @)

PV mode: This control mode sets the real power
injected into the generator bus and bus voltage
magnitude to specified values. The following equations
hold:

1 . 1
1 g =§(_ng +]ng)17_k* 3)

2 )
0.0= Vkr + Vki - Vk,given

Note that the above equations are nonlinear with respect
to the state variables.

Circuit Branch Model. The illustration below shows
the mathematical model and icon of a circuit branch
model.

Mathematical model

BUSK Y., BUSm

—_ —_

~ L < o~

K [~ o~ I,
stkm ysmk@

The circuit branch model is represented by the following
equation:

Ik = (;km + stkm )ﬁk - ;km Vm (4)

Im :_;kmﬁk +(.)7km +ysmk)Vm

Where
Viem is the branch series admittance

Yam 18 the k side branch shunt admittance
; smk
v, is the voltage phasor at bus k.
V

m

is the m side branch shunt admittance

is the voltage phasor at bus m.

Note that these equations are linear with respect to the
state variables.
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Note that each component of the system can be
represented with an appropriate set of linear or quadratic
equations.

Solution Method: The network solution is obtained
with application of Newton’s method to a quadratized
form of the network equations. The quadratized network
equations are generated as follows.

The equations of each nonlinear model are cast in the
following form:

kT sk k
X f:?qireallx

I &
|:0 j| - y:,tmpx Yk +F Xka:?/;,Vealzx _b:,u'nﬁx (5)

Where I *: vector of bus current injections,
V¥ vector of bus voltages,
Y*: vector of device internal state variables,

~ ~ o~ T
T :[Vk Yk] ’
x* =vector X" in cartesian Coordinates

and yé{qicmpxﬂ bk and fe’;ﬂa, are matrices with

eq _cmpx >
appropriate dimensions. F(,) denotes a function mapping
from a real vector to a complex vector. Note that this
form includes two sets of equations, which are named
external equations and internal equations respectively.
The bus current injections appear only in the external
equations. Similarly, the device states consist of two
variable sets: external states (i.e. bus voltage phasors

V*Y and internal state variables Y* (if any). The set of
equations (2) is consistent in the sense that the number
of external states and the number of internal states equals
the number of external and internal equations
respectively.

The entire network equations are obtained by application
of the connectivity constraints among the system
component, i.e. Kirchoff’s current law at each system
bus. This procedure yields a set of equations, which are
combined with the component object internal equations
resulting in the set of equations of the form:

> AT =0 (6)
i
[plus internal equations of all devices]

where T* is device k bus current injections, and Ak is a
component incidence matrix with:

{Aif}=l, if bus j of device k is connected to bus i

=0, otherwise

Let ¥/ be the vector of all bus voltage phasors. Then,
the following relationship holds:
7i=uh'r (7)

where ¥ is device k bus voltages. Upon substitution of
device equations (5) and incidence equations (7),
equation (6) becomes a set of quadratic equations:

x" fx

YX+F|x"f,x|-B=0 (8)

where X is the vector of all the state variables and
Y, f, B are matrices with appropriate dimensions. The

simultaneous solution of these equations is obtained via
Newton’s method described next.

The numerical algorithm for solving the network
equations (8) consists of two steps. First, we convert the
network equations into Cartesian coordinates by simply
replacing each complex variable with its Cartesian form
and separating the real and imaginary parts of the
complex equations. The procedure is equivalent with
replacing each element in Y with its corresponding

2x2 Hermetian matrix. In particular, ﬁj is replaced by:

;7; — i.?
o) )
Y Y

where superscript 7 denotes real part and superscript i
denotes imaginary part. Then, equation (8) is
transformed into Equation (10) below:

x" fx

Y, x+|x"f,x|-B,, =0 (10)

re real

Equation (7) is solved using Newton’s method.
Specifically, the solution is given by the following
algorithm:
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T
x' fxt

— T
" =xV—J Y x| x foxV |- B

rea

(11)

real

where V is the iteration step number; J is the Jacobian
matrix of equation (10). In particular, the Jacobian
matrix takes the following form:

vl T
xt (fi+ /1)
J=Yreal+ xVT(<f2+<f2T)

(12)

It is important to note that Newton’s method applied to a
set of quadratic equations guarantees quadratic
convergence. In fact, this algorithm (8) converges in

only two to four iterations. The convergence speed for a
specific case is illustrated in Table 1. The table gives the
total mismatch vector norm (specifically the maximum
absolute real and reactive power at all system buses)
after each Newton’s method iteration applied to the
solution of a 15 bus system.

Iteration # Maximum Mismatch
1 205
2 0.087
3 0.0094
4 0.00000091

3. Spot Price Computational Model

The spot prices are computed with a linearized model
around an operating conditions. For this purpose, we
utilize the linearization procedure based on the co-state
method, an electric load model (conforming or not
conforming) and a linear programming formulation. The
constituent parts of the methodology are described next.

Electric Load Model: This model presents changes of
electric load in terms of a sinlge parameter (conforming
load) or in terms of a small number of parameters (non-
conforming load).

Conforming Load Model: The conforming electric load
model allocates the total load to the individual buses via
a linear relationship. The uncertainty is represented with
a single random variable. The general expression of the
bus loads is:

P, () = d(t)P, + o(t)vP (13)

where:

B, (t) is an n-vector of bus electric load,

n is the number of buses
d(t) is the electric load forecast

o(t) is the standard deviation of the electric load

forecast

EF, is an n-vector for allocating an electric load to
the n buses of the system (sum of entries equals
1.0)

B is an n-vector for allocating an electric load to
the n buses of the system (sum of entries equals
1.0)

% is a random variable.

Note that the above model is a simple model that
extensively used by power system planners. It is
presented here to illustrate that the model we plan to use
(the non-conforming load model) is an extension of this
model.

Non-Conforming Load Model: The non-conforming
load model is an extension of the conforming load
model. Specifically, with the introduction of additional
random variables, the non-conforming load model is
obtained. The non-conforming load model has the
capability to represent the statistical correlation among
the bus loads. It is expressed as follows:

B () =d()F+0()) v.P, (14)

i=1

where:

B, (t) is an n-vector of bus electric load,

n is the number of buses

d(t) is the electric load forecast

o(t) isthe standard deviation of the electric load
forecast

EF, is an n-vector for allocating an electric load to
the n buses of the system (sum of entries equals
1.0)

P is an n-vector for allocating an electric load to
the n buses of the system (sum of entries equals
1.0),i=1,2, ...m

v, 1s a random variable, i=1, 2, ...m
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Note that the proposed load model is expressed in terms
of m random variables.

Linearized Model: This procedure derives a linearized
model of the network operations around the present
operating conditions. Consider a operating quantity, i.e.
bus voltage magnitude, circuit flow, unit reactive power,
etc. The operating quantity can be expressed as a
function of the system state and controls. The controls
are power injections into the nodes of the system. We
represent this quantity as:

J=f(X,p) (15)

p: Sy =p(1+ja,), injection atbusk.

The linearized model is obtained with the use of the co-
state method [*]. This method yields the following.

4 _U(Xp) 3G, p)

16
dp op op (1o

where:

o {aﬂx,p)}[aG(X,p)T
oxX X

This method is very efficient as the only significant
computational task is the computation of the co-state
vector which can be accomplished with a forward and

back substitution on the vector [@} with the
X

known factors of the jacobian matrix.

Spot Price Computations: The spot prices are directly
computed with an optimization problem of the linear
programming =variety. Specifically, the spot prices are
defined with:

MinC =Y p,P, (17)

Subject to: - power flow equations

- operating constraints

Upon linearization of the operating constraints and
elimination of the power flow equations using the co-
state method, the following problem is emerged.

MinC =Y pP, (18)

Ay+BP+z=b+ Db,
ZPi:bd

The spot price is defined by the following derivative at
the optimum solution:

subject to:

Spot Price = d—C
d

d

(19)

Above derivative is directly computed from the dual
linear programming problem. Specifically, the dual
problem is:

Max M = Zci/ll.
AAl=p

(20)

subject to:

The spot price is provided as a linear combination of the
solution of the dual linear programming problem.

Spot Price = j—c =e'l (21

d

Note that once the primal problem solution is known,
then the solution of the dual problem is obtained by a
simple solution of a set of linear equations. The reason
for this is that we know the basic variables from the
primal problem and therefore, there is no need to
perform a full optimization algorithm. The primal
solution is known, it is the present operating condition.
These observations make the algorithm very fast.

4. Visualization of Spot Prices

Once the spot prices have been computed, they are
displayed using 3-dimentional graphics. Specifically the
spot prices are plotted within a 3-D environment. The
single line-line diagram of the simulated network is
displayed over a horizontal plane. The single line
diagram can be drawn to scale, and additional
geographic features may be optionally included. The
spot price distribution over the geographical occupied by
the simulated network is represented by a curved surface
overlaying the single line diagram drawing. The height
of the surface at a certain point represents the spot price
at that point. Note that although the spot prices are
computed only at discrete points (i.e. the system buses),
a smooth and continuous spot price surface plot is
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generated by interpolation. The curved surface is drawn
in translucent mode so that the single line diagram and
other geographic features can be seen through the spot
price surface plot. Visualization is further enhanced by
allowing perspective view rotation, zooming and
panning.

Spot Price Animation. The effect of changing spot
prices as the load changes can be visualized by
animation of the above described spot price 3-D plot. As
the user changes the electric load, the spot prices are
automatically recomputed and the 3-D spot price plot is
updated. Note that the graphic display implementation
uses the OpenGL system, which provides very fast
display refresh rates resulting in an animation effect.

Spot Price Visualization Example. The described
visualization methodology is demonstrated with an
example system.  Figure 2 illustrates the single line
diagram of the example system. It a 14 bus system with
6 generating units. Figure 3 illustrates a snapshot of the
spot price visualization display. The blue surface
represents the spot prices. The system single line
diagram can be seen though the spot price surface. The
visualization software have complete zoom and pan
capabilities and therefore is amenable to visualizations
of larger systems. During the presentation of the paper,
the method will be demonstrated on the 24 bus and 96
bus IEEE RTS system.

Conclusions

This paper has presented a new approach for the
computation of spot prices in an electric power system
and the animated display of spot prices as the electric
load is changing. The proposed innovations are: (a) a
quadratic power flow model, (b) a nonconforming
electric load model, (c) an efficient linearization
procedure based on the co-state method for setting-up a
linear program for the computation of spot prices, and
(d) a geometric construction of the three-dimensional
display of spot prices for any system geography,
implemented in OpenGL. The method is capable of
representing electric loads that consist of constant
power, constant impedance, induction motors, etc. The
efficiency of the method permits the fast visualization
and animation of spot prices. It is expected that this
method will be extended to visualizations and
animations of other market relevant quantities.

Figure 2. Example System for Spot Price
Visualization

Figure 3. Spot Price 3-D Surface Plot
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