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Abstract: The power system linearization and its
modes vary as power transfers, redispatch or other
power system parameters change. We suggest a new
mechanism for interarea power system oscillations in
which two oscillatory modes interact near a nondiago-
nalizable resonance to cause one of the modes to sub-
sequently become unstable. The two modes are near
resonance when they have nearly the same damping
and frequency. The possibility of this mechanism for
oscillations is shown by theory and computational ex-
amples. Theory suggests that passing near nondiago-
nalizable resonance could be expected in general power
system models. The mechanism for oscillations is illus-
trated in 3 and 9 bus examples with detailed generator
models.

1 Introduction

Power transactions are increasing in volume and va-
riety in restructured power systems because of the large
amounts of money to be made in exploiting geographic
differences in power prices and costs. Restructured
power systems are expected to be operated at a greater
variety of operating points and closer to their operating
constraints. One operational constraint which already
limits transactions under some conditions is the onset
of low frequency interarea oscillations [4, 7, 8].

This paper considers how changes in power system
parameters could cause low frequency oscillations. One
example of parameter changes is power transactions
which change the power system operating point and
hence change the system modes and possibly cause os-
cillations. The main contribution of the paper is to sug-
gest, analyze and illustrate a mathematical mechanism
for low frequency oscillations. Describing mechanisms
which cause oscillations is an essential step in develop-
ing sound methods of operating the power system up
to but not at the onset of oscillations.

The power system linearization and its modes vary as
power system parameters change. Damped oscillatory
modes can move close together and interact in such a
way that one of the modes subsequently becomes unsta-
ble. An ideal version of this phenomenon occurs when
two damped oscillatory modes (two conjugate complex
pairs of eigenvalues) coincide exactly. This coincidence
is called a resonance, or, especially in the context of
Hamiltonian systems, a 1:1 resonance. There are two
types of resonance depending on whether the lineariza-
tion is diagonalizable or not and we are most interested
in the nondiagonalizable case. At a nondiagonalizable
resonance, the modes typically become extremely sensi-
tive to parameter variations and the direction of move-

ment of the eigenvalues turns through a right angle.
For example, an eigenvalue that changes in frequency
before the resonance can change in damping after the
resonance and become oscillatory unstable as the damp-
ing changes through zero. The resonance is a precursor
to the oscillatory instability in the sense that the res-
onance causes the eigenvalues to change the size and
direction of their movement in such a way as to pro-
duce instability.

In practice the power system will not experience an
exact nondiagonalizable resonance, but will pass close
to such a resonance and the qualitative effects will be
similar: the eigenvalues will move quickly and change
direction as they interact and this can lead to oscil-
latory instability. Note that although the eigenvalues
move nonlinearly in the complex plane as power system
dispatch varies, we are describing how a linearization of
the power system model changes; we are not examin-
ing nonlinearities in the power system model at a fixed
power system dispatch as in the normal form analysis
recently applied to power systems [12, 14]. However, al-
though the resonance studied here is only first order, it
could have some consequences for normal form analyses
of nonlinearities. These consequences are briefly exam-
ined in Appendix B in the case of nondiagonalizable
resonance of two real eigenvalues.

Previous power systems work related to the reso-
nance phenomenon studied here includes analysis of the
1:1 resonance in Hamiltonian power system models by
Kwatny [10], observation of mode patterns changing by
Van Ness [16], the studies of interarea oscillations at
Ontario Hydro [9] and of the WSCC system [9, 15].
These and other previous works are discussed in sec-
tion 5.

2 Illustration of nondiagonalizable eigenvalue
resonance

Two pairs of complex conjugate eigenvalues are ex-
actly in resonance when they have exactly the same
frequency and damping. Exact resonance is an unusual
occurrence, but if it does occur, then the eigenvalues
can be very sensitive to system changes and, if the
resonance is nondiagonalizable, the eigenvalues move
through a right angle at the resonance. This section
illustrates nondiagonalizable resonance and near reso-
nance in eigenvalues of parameterized matrices.

2.1 Example 1 (resonance of 2 real eigenvalues)

Before considering the nondiagonalizable resonance
of complex eigenvalues, it is helpful to review the cor-
responding resonance of two real eigenvalues. Consider



Figure 1: Resonance of two real eigenvalues

the matrix M1 parameterized by the real number α:

M1 =

(
−2 −1
α −2

)
(1)

The eigenvalues of M1 are λ = −2±
√
−α. The move-

ment of the eigenvalues as α increases from −1 to 1 is
shown in figure 1. At α = −1, the eigenvalues are −3
and −1. As α increases the eigenvalues approach each
other until at α = 0 the eigenvalues coincide at −2. As
α increases through zero, the eigenvalues change direc-
tion by a right angle and move into the complex plane.
At α = 1, the eigenvalues are the complex pair −2± j.
The eigenvalue movement is fast near the nondiagonal-
izable resonance at −2; indeed, exactly at −2 the eigen-
values are infinitely sensitive to parameter variation.

This eigenvalue movement is familiar in control
courses as the root locus obtained by increasing feed-
back gain on a second order plant with two real poles.
In this context the point of nondiagonalizable resonance
is called critical damping. The nondiagonalizable res-
onance point is also called a node-focus point and has
been studied in power systems by Ajjarapu [1] and De-
Marco [5]. Although the convergence of two system
modes changes from monotonic to oscillatory at nondi-
agonalizable resonance, nondiagonalizable resonance is
not generally a bifurcation (there is generally no change
in topological equivalence or stability).

2.2 Example 2 (resonance of 2 complex pairs)

Figure 2: Exact resonance of two complex pairs

Consider the matrix M2 parameterized by the real
number α:

M2 =



−1 + 2 j 1 + j 0 0

α −1 + 2 j 0 0
0 0 −1− 2 j 1− j
0 0 α −1− 2 j




M2 is a complex matrix, but it is structured to be sim-
ilar to a real matrix (note that the 2 × 2 submatrices
are complex conjugate). That is, a coordinate change
T transforms M2 into a real matrix:

T M2 T
−1 =



−1 1 2 1
α −1 0 2
−2 −1 −1 1
0 −2 α −1




where T =




1 0 −1 0
0 1 0 −1
j 0 j 0
0 j 0 j




The eigenvalues of M2 and TM2 T
−1 are the same.

At α = −2, the eigenvalues of M2 are −1.64± 3.55j
and −0.36 ± 0.45j. As α varies from −2 to 2, two of
the eigenvalues of M2 vary as shown in Figure 2 (these
eigenvalues are −1 + 2 j ±

√
1 + j

√
α). Each eigen-

value shown in Figure 2 has a complex conjugate which
moves correspondingly below the real axis. As α in-
creases through zero, the eigenvalues change direction
by a right angle. At α = 0 the eigenvalues coincide
at the nondiagonalizable resonance at −1 + 2j. M2 is
not diagonalizable at the resonance. The eigenvalue
movement is fast near the resonance; indeed, exactly at
the resonance the eigenvalues are infinitely sensitive to
parameter variation. Note how one of the eigenvalues
becomes unstable after the resonance.

2.3 Example 3 (near resonance)

Figure 3: Near resonance of two complex pairs
Example 2 is not typical because an exact nondiag-

onalizable resonance is encountered. It is more typical
to come close to nondiagonalizable resonance as the pa-
rameter is varied. Example 3 considers a matrix M3

which is a perturbation of matrix M2:

M3 = M2 +




0 0 0 0
0 0 1 0
0 0 0 0
1 0 0 0


 (2)



The eigenvalues of M3 vary as shown in Figure 3 as α
varies from −2 to 2. Note how the eigenvalues come
close together and quickly turn approximately through
a right angle. There is a marked effect of coming close
to the resonance.

2.4 Example 4 (near resonance)

Figure 4: Near resonance of two complex pairs

Example 4 shows a different way in which example 2
can be perturbed:

M4 = M2 +




0 0 0 0
0 −1 0 0
0 0 0 0
0 0 0 −1


 (3)

The eigenvalues of M4 vary as shown in Figure 4 as
α varies from −2 to 2. The eigenvalue movements in
Figures 3 and Figure 4 are both close to the eigenvalue
movement in Figure 2, but a different eigenvalue be-
comes unstable in Figures 3 and Figure 4.

3 Power system simulation results

This section shows examples of 3 bus and 9 bus
power system models passing near nondiagonalizable
resonance as parameters are changed.

3.1 3 bus system

1 2

∇

3

Figure 5: Three bus power system

We have found an oscillatory instability caused by
nondiagonalizable resonance in the 3 bus system shown
in Figure 5. The 3 bus system consists of generators at
bus 1 and bus 3 and a constant power load at bus 2.
The generator models are tenth order and the system
parameters are reported in Appendix C. As the genera-
tor dispatch is varied to increase the power supplied by
bus 3, two damped complex eigenvalues vary as shown
in Figure 6. The eigenvalues are initially at −0.4± 8.3j
and −0.9± 4.3j and are stable. As the power supplied

by bus 3 increases, the two eigenvalues approach one an-
other, interact, and then one of the eigenvalues crosses
the imaginary axis and becomes unstable.

Figure 6: Eigenvalues as dispatch varies; Vref = 1.07

Figure 7: Eigenvalues as dispatch varies; Vref = 1.03

Figure 8: Eigenvalues as dispatch varies; Vref = 1.11

The case shown in Figure 6 is adjusted to show the
eigenvalues coming close together and has Vref = 1.07,
where Vref is the voltage reference set point of the gen-
erators at buses 1 and 3. Rerunning the case for de-
creased and increased Vref is shown in Figures 7 and 8.
Figures 7 and 8 show typical perturbations of the non-
diagonalizable resonance. Observe that if one attempts
to stabilize the unstable eigenvalue of Figure 7 by rais-
ing Vref , then this eigenvalue is indeed stabilized, but
that the other eigenvalue becomes unstable as shown
in Figure 8. This shows the importance of examining



both pairs of eigenvalues near nondiagonalizable reso-
nance when trying to stabilize the system.

3.2 9 bus system

The form of the 9 bus system is based on the WSCC
system from the text of Sauer and Pai [13]. There are 3
generators with 2 axis models and IEEE Type I exciters.
More details may be found in Appendix C. Figure 9
shows the eigenvalue movement when real power load
at bus 2 is varied from 1.5 pu to 1.95 pu in steps of 0.05.
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Figure 9: 9 bus eigenvalues as dispatch varies

The eigenvalues pass near resonance and then one
of the eigenvalues becomes oscillatory unstable. Note
that the eigenvalues initially move together by a change
mostly in frequency. It is the resonance which trans-
forms this movement into a change in damping and
hence instability. The eigenvalues move quickly near
the resonance.

4 Theory results

This section gives an informal account of the theoret-
ical results. The mathematics to support these results
is presented in Appendix A.

As power system parameters vary, the Jacobian ma-
trix M describing the linearization of the power system
at the operating point also varies. The system modes
are described by the eigenvalues and eigenvectors of the

Jacobian M . The theory describes how two oscillatory
modes of the Jacobian M vary when they are near a
resonance in which two complex eigenvalues coincide in
frequency and damping.

4.1 Nondiagonalizable resonance

We now describe the situation near a nondiagonaliz-
able resonance. Near nondiagonalizable resonance the
Jacobian M is similar to a matrix which includes a 4×4
submatrix M ′

C describing the modes of interest:

M ′
C =



λ 1 0 0
µ λ 0 0
0 0 λ∗ 1
0 0 µ∗ λ∗


 =

(
MC 0
0 M∗

C

)
(4)

Here λ and µ are complex numbers which are functions
of the power system parameters. The star symbol ∗

stands for complex conjugate. The eigenvalues of M ′
C

are the same as the eigenvalues of the Jacobian M cor-
responding to the two oscillatory modes of interest.

The behavior of M ′
C is governed by the submatrix

MC =

(
λ 1
µ λ

)

It is straightforward to calculate that the eigenvalues of
MC are

λ1 = λ+
√
µ and λ2 = λ−√µ (5)

Therefore the eigenvalues of M ′
C are

λ±√µ and (λ±√µ)∗

and these are the eigenvalues of the Jacobian M corre-
sponding to the modes of interest. The idea is to study
these modes by examining the eigenvalues and eigen-
vectors of MC.

The eigenvalues of MC coincide at λ when µ = 0 and
this is the condition for resonance. MC is nondiago-
nalizable at resonance (alternative terms for ‘nondiago-
nalizable’ are ‘nonsemisimple’ and ‘nondefective’). The
sensitivity of these eigenvalues to the real or imaginary

part of µ is
±1

2
√
µ

, which tends to infinity as µ tends to

zero. As µ moves in the complex plane on a smooth
curve through 0 with nonzero speed, the argument of√
µ jumps by 90o so that the direction of the eigenvalue

movement changes by 90o.
The right and left eigenvectors of MC are

(
1

±√µ

)
and (±√µ , 1 )

At the resonance at µ = 0, the eigenvectors are in-
finitely sensitive to changes in µ and the right and left
eigenvectors are orthogonal. At the resonance at µ = 0,
there is a single right eigenvector together with a gen-
eralized right eigenvector. As µ tends to zero and the



resonance is approached, the two right eigenvectors be-
come aligned and tend to the right eigenvector at µ = 0.
Thus the system modes approach each other as µ tends
to zero. The dependence of this approach on

√
µ shows

that this approach is initially slow and then very quick
near µ = 0.

An important observation is that λ and µ can be
calculated from numerical eigenvalue results. Suppose
that λ1, λ2, λ

∗
1, λ

∗
2 are two pairs of eigenvalues close

to nondiagonalizable resonance. Then inversion of (5)
yields

λ = (λ1 + λ2)/2 (6)

µ = (λ1 − λ2)
2/4 (7)

λ is the average eigenvalue and µ describes the detuning
from exact nondiagonalizable resonance.

We examine the time and frequency domain solutions
at nondiagonalizable resonance when µ = 0. Assume
that λ = σ±jω with σ < 0. The time domain solutions
to the linear differential equations with matrix (4) are
linear combinations of teσt cosωt, teσt sinωt, eσt cosωt
and eσt sinωt. Some perturbations mainly excite the
teσt cosωt and teσt sinωt solutions and these perturba-
tions will cause oscillations that grow before exponen-
tially decaying to zero. The frequency domain descrip-
tion may be shown in block diagram form:

input along generalized
right eigenvectors

∨
1

s2− 2σs+ σ2 + ω2

>
output along

right
generalized
eigenvectors

input along
right

eigenvectors
>©+

∨
1

s2− 2σs+ σ2 + ω2

∨
output along

right eigenvectors

Figure 10: Modes at nondiagonalizable resonance

Observe the input/output combination passing ver-
tically down the page in Figure 10 in which the output
of the first damped oscillator feeds the second damped
oscillator. This mode coupling, which is characteris-
tic of the nondiagonalizable resonance, has interesting
consequences for the power system behavior.

Consider two modes which initially are local to sepa-
rate areas of the power system. The modes are initially
decoupled so that disturbances in one area will only
affect the mode in that area. Now suppose that param-
eters change so that the two modes interact by encoun-

tering a nondiagonalizable resonance. As the nondiag-
onalizable resonance is approached, the mode eigenvec-
tors will converge so that the modes are no longer con-
fined to their respective areas. Moreover, at the non-
diagonalizable resonance, a disturbance in one of the
areas (say area 1) can excite the mode of area 2. We
expect that qualitatively similar mode coupling effects
can occur for systems that pass near nondiagonalizable
resonance.

4.2 Genericity of nondiagonalizable resonance

The theory also describes how typical nondiagonaliz-
able resonance is in a generic set of differential equations
such as those which might be expected when modeling
a power system with no special structure. Consider a
generic set of equations with two real parameters (this
could be obtained from a power system model by letting
only two of the power system parameters vary). Each
point in the parameter plane yields an operating point
and a Jacobian. The generic situation is that every
point in the parameter plane will yield a diagonalizable
Jacobian except for isolated points at which nondiag-
onalizable resonance occurs. Diagonalizable resonance
does not generically occur in the parameter plane. (The
meaning of a situation being generic is that the situa-
tion is robust to small perturbations of the equations
and that any exceptional cases in which more exotic
events occur can be perturbed with a small perturba-
tion so that the situation obtains.) Now suppose that
the two parameters vary as a function of another param-
eter t; this describes a curve in the parameter plane. It
should be clear that, generically, this curve will not pass
through any of the isolated resonance points. That is,
as t is varied, the system will not typically encounter an
exact nondiagonalizable resonance. However, it is quite
possible that the curve passes near one of the nondiag-
onalizable resonances as t is varied.

More generally, we can examine the rarity of nondiag-
onalizable resonance using the concept of codimension.
The rarity of an event can be described by the num-
ber of independent parameters that need to be varied
to typically encounter the event; this number is called
the codimension of the event. For example, in a power
system, the event that flow on a particular line is not
exactly 500 MW typically occurs without any indepen-
dent parameters varying and is codimension 0. The
event that flow on a particular line is exactly 500 MW
typically requires one parameter to be varied and is
codimension 1. For example, the dispatch of a single
generator could be changed so that the flow on a par-
ticular line is exactly 500 MW. The event that flow on a
particular line is exactly 500 MW and the voltage angle
at bus 27 is exactly 30o typically requires two param-
eters to be varied and is codimension 2. The dispatch
of two generators could be changed so that flow on a
particular line is exactly 500 MW and the voltage angle
at bus 27 is exactly 30o.

Events of higher codimension are successively rarer.
A codimension 0 event can typically happen at any
time in a power system. As the power system is op-
erated during the day, it is parameterized by the sin-



gle parameter time, so that codimension 1 events can
typically happen during one day of operation. For ex-
ample, the flow on a particular line being exactly 500
MW could be a typical occurrence at some time during
the morning load pick up. Note that a codimension 1
event need not necessarily happen every day, but that
it is in some sense typical when it does happen. Oscilla-
tory modes becoming unstable and voltage collapse are
other examples of codimension 1 events: either insta-
bility can typically occur as a single loading parameter
is increased.

The coincidence of two pairs of complex eigenvalues
of a matrix at λ = σ±jω typically happens with Jordan
canonical form



λ 1 0 0
0 λ 0 0
0 0 λ∗ 1
0 0 0 λ∗


 (8)

A nondiagonalizable resonance of the form (8) without
regard to the value of λ occurs in the matrix (4) when
the complex parameter µ = 0. Since this requires both
the real and imaginary part of µ to be zero, this is a
codimension 2 event. (On the other hand, the occur-
rence of a nondiagonalizable resonance of the form (8)
for a particular value of λ = λ0 requires both λ = λ0

and µ = 0 and is a codimension 4 event.)
A nondiagonalizable resonance with two oscillatory

modes exactly coinciding is a codimension 2 event.
Thus it can be typically encountered when varying two
parameters. Nondiagonalizable resonance will not be
typically encountered when varying one parameter, but
it is still possible to pass near to nondiagonalizable res-
onance and in this case the nearness would have a sig-
nificant effect on the system behavior. In particular,
if the system is near nondiagonalizable resonance, then
the following is typical:
• The eigenvalues and eigenvectors are very sensitive

to parameter variations
• A general parameter variation causes the direction of

eigenvalue movement in the complex plane to turn
quickly through approximately a right angle.

• The right and left eigenvectors are nearly orthogonal.
• The right eigenvectors of the two modes are nearly

aligned. This implies that the pattern of oscillation
of the two modes is similar.

4.3 Diagonalizable resonance

There is a further possibility when two complex
eigenvalues coincide that the Jacobian is diagonalizable.
That is, at resonance the Jacobian M is similar to a
matrix which includes a 4× 4 submatrix



λ 0 0 0
0 λ 0 0
0 0 λ∗ 0
0 0 0 λ∗


 (9)

This type of eigenvalue resonance is not generic in two
parameter equations. (Indeed it is a codimension 6
event.) Thus we do not expect the diagonalizable case

to occur in a generic set of equations such as those that
might be expected when modeling a power system with
no special structure. However, the diagonalizable case
can occur with some special structure: For example,
consider two power systems which are not connected
together by any tie lines. The eigenvalues of the en-
tire system belong to either one power system or the
other. If parameters vary so that an eigenvalue of one
power system coincides with an eigenvalue of the other
power system, then these two eigenvalues will not in-
teract as parameters vary and this is the diagonalizable
case. Another example of special structure is when a
power system study is done with a bilaterally symmet-
ric power system model.

At diagonalizable resonance, there is ambiguity in as-
sociating eigenvectors with one of the modes that is
resonating because any nontrivial combination of the
eigenvectors is also an eigenvector. Moreover, the eigen-
vectors and eigenvalues are ill conditioned in that some
parameter changes cause sudden changes in the eigen-
vectors and eigenvalues. In particular, there are nondi-
agonalizable resonances arbitrarily close to a diagonal-
izable resonance.

We examine the time and frequency domain solutions
at diagonalizable resonance. Assume that λ = σ ± jω
with σ < 0. The time domain solutions to the linear
differential equation with matrix (9) are linear combina-
tions of eσt cosωt and eσt sinωt. The frequency domain
description may be shown in block diagram form:

input along right eigenvectors

∨ ∨
1

s2− 2σs + σ2 + ω2

1

s2− 2σs + σ2 + ω2

∨ ∨
output along right eigenvectors

Figure 11: Modes at diagonalizable resonance

Observe that one mode does not feed the other mode
as in Figure 10.

Suppose that two modes which are local to separate
areas of the power system and thus decoupled encounter
a diagonalizable resonance. Then the modes remain de-
coupled at the diagonalizable resonance. For example, a
disturbance confined to one area will only excite the lo-
cal mode of that area. (This follows from the invariance
of any linear subspace of the eigenspace corresponding
to the coincident eigenvalues.)

4.4 Typical resonance in power system models

Suppose that a power system model is a generic set of
parameterized differential equations such as those that
might be expected when the power system has no spe-
cial structure. Then the theory of the previous subsec-
tions shows that the resonance that is most typically
encountered is the nondiagonalizable resonance. If a



single parameter of the power system model were var-
ied, the system would not be expected to encounter ex-
act nondiagonalizable resonance, but it could well pass
near nondiagonalizable resonance. If two parameters of
the power system model were varied, then a nondiago-
nalizable resonance could be typically encountered.

This analysis raises the question of the extent to
which practical power system models are generic or
have ‘special structure’. It seems clear that special
structure such as bilateral symmetry or perfect decou-
pling due to the power system areas being completely
disconnected is not expected in practical power systems
models. Moreover, a sensible initial working assump-
tion is that practical power system models are generic.
However, it is a possibility that in some cases there
could be sufficient decoupling between power system
areas to make the areas approximately decoupled. In
these cases the power system could pass near to a di-
agonalizable resonance. This would also imply pass-
ing near a nondiagonalizable resonance, since there are
nondiagonalizable resonances arbitrarily close to a di-
agonalizable resonance. However, not all perturbations
of the diagonalizable resonance involve the nondiago-
nalizable resonance and, moreover, it is possible that
the nondiagonalizable resonance could be observed only
in a detailed analysis whereas the diagonalizable reso-
nance would determine the approximate overall behav-
ior. More work is needed to clarify whether a diagonal-
izable resonance is likely to occur in a practical power
system model and what would be expected to be ob-
served near a diagonalizable resonance.

Another consideration is the genericity of the param-
eter changes being considered. Parameter changes such
as power redispatch strongly affect the operating point
and are expected to generically change the power sys-
tem linearization. It is not clear whether changing a
control system gain corresponds to a generic parameter
change. Control systems are designed to affect particu-
lar modes and changes in control gains often have little
or no effect on the operating point.

5 Previous Work

This section describes previous work and its relation
to the resonance phenomenon described in this paper.

Kwatny [10, 11] studies the flutter instability in
power system models with Hamiltonian structure. A
stable equilibrium of a Hamiltonian power system
model necessarily has all eigenvalues on the imaginary
axis. One generic way for stability to be lost as a
parameter varies is the flutter instability, or Hamilto-
nian Hopf bifurcation. In the flutter instability, two
modes move along the imaginary axis, coalesce in an
exact nondiagonalizable resonance, and split at right
angles to move into the right and left halves of the
complex plane. The Hamiltonian power system model
in [10] represents electromechanical mode phenomena
with simple swing models for the generators. Kwatny
[10] gives a 3 bus example of the flutter instability and
emphasizes that the flutter instability is generic in one
parameter Hamiltonian systems. It is also possible to
add uniform damping to the conservative model in or-

der to shift the Hamiltonian eigenvalue locus a fixed
amount leftwards in the complex plane [11]. Then two
eigenvalues (necessarily of the same damping) approach
other in frequency, coalesce in an exact nondiagonaliz-
able resonance and then split apart in damping. One of
these eigenvalues can then cross the imaginary axis in a
Hopf bifurcation to cause an oscillation. This is clearly
a special case of nondiagonalizable resonance causing
an oscillation. The Hamiltonian plus uniform damp-
ing model structure constrains the eigenvalues to move
either vertically along the line of constant damping or
horizontally and causes the resonance to be exact.

Van Ness [16] analyzes a 1976 incident of 1 Hz oscil-
lations at Powerton station with a 60 machine model
of the Midwestern American power system with 9 ma-
chines represented in detail. The paper seems success-
ful in reproducing the essential features of the incident
by eigenanalysis of the model. Figure 7 of [16] exam-
ines the effect of a variation of power and excitation
at Powerton unit 6. The eigenvector associated with
a dominant eigenvalue shows significant changes near
the instability that are attributed to a resonant inter-
action with another nearby mode. Movement in the real
part of close eigenvalues when the excitation is lowered
‘seems to be due to a coupling effect which has been ob-
served in the model’. Unfortunately the data is sparse;
only one change in each of the power or excitation is
presented and firm conclusions about the nature of the
resonant interaction cannot be made. However, the fea-
tures shared between the account of the eigenanalysis
of [16] and the nondiagonalizable resonance are sugges-
tive.

Klein and Rogers et al. at Ontario Hydro [9] ana-
lyze local modes and an interarea mode in a symmet-
ric power system model with 2 areas and 4 machines.
The symmetry is bilateral: each of the 2 areas has the
same machines and transmission lines. However, the
base case is a stressed case with area 1 exporting power
to area 2 over a single weak tie line. The two local
modes have eigenvalues that are practically equal, and
each of the computed local modes has substantial com-
ponents across the entire system. A small decrease in
the machine intertias in area 2 causes the local modes
to change substantially to have significant components
only in their respective areas. Klein and Rogers at-
tribute these results to the nonuniqueness of eigenvec-
tors associated with a diagonalizable resonance. Al-
though similar eigenvector changes could be found near
a nondiagonalizable resonance, one can argue that a di-
agonalizable resonance is expected here because of the
high degree of system symmetry. We do not expect bi-
lateral symmetry in a practical power system. The as-
sumption of a perfect bilateral symmetry would cause
a diagonalizable resonance and exclude nondiagonaliz-
able resonance.

Hamdan [6] studies the conditioning of the eigenvalue
and eigenvectors of a system very similar to that of [9].
The eigenvectors become ill conditioned near resonance
and singular value measurements of the proximity to a
diagonalizable resonance (‘sep’ function) suggest that
the system does pass near a diagonalizable resonance.



Klein and Rogers et al. [9] also discuss the modes near
0.7 Hz of the Western North American power system.
The Kemano generating unit in British Columbia can
have high participation not only in a local mode of 0.77
Hz but also in modes involving the Southwest United
States of 0.74 and 0.76 Hz. Klein and Rogers regard this
modal interaction as unusual, distinguish it from the
phenomenon observed in their symmetric power system
model and conclude that ‘Oscillations in one part of the
system can excite units in another part of the system
due to resonance’. Mansour [15] shows large oscillations
at Kemano due to disturbances in the the Southwest
United States. It would be interesting to determine if
this modal interaction can be explained by a nearby
nondiagonalizable resonance.

DeMarco [5] describes how increased loading of tie
lines can cause a low frequency mode to decrease in fre-
quency until the complex conjugate eigenvalues coalesce
at the real axis and then split along the real axis so that
one eigenvalue passes through the origin and steady
state stability is lost in a collapse. In this situation,
the coalescing of the complex conjugate eigenvalues is a
nondiagonalizable resonance of two real eigenvalues (see
section 2.1) which is a precursor to the steady state loss
of stability. DeMarco demonstrates the phenomenon in
a 14 bus system. Ajjarapu [1] also describes this phe-
nomena, calling the real nondiagonalizable resonance
a ‘node-focus bifurcation’ and demonstrates the phe-
nomenon in a 3 bus system. We observe that this phe-
nomenon follows the same pattern of resonance as a
precursor to instability as the nondiagonalizable reso-
nance in the complex plane causing oscillatory loss of
stability.

There is a large amount of very useful previous work
addressing the tuning of control system gains to avoid
oscillations which we do not attempt to review here.

6 Discussion and Conclusion

This paper demonstrates nondiagonalizable reso-
nance as a precursor to oscillatory instability in 3 and 9
bus power systems as power dispatch is varied. Mathe-
matical analysis confirms the observed qualitative fea-
tures of the eigenvalue and eigenvector movement near
nondiagonalizable resonance. Near nondiagonalizable
resonance, eigenvalues move quickly and turn through
approximately 90o. Thus if the eigenvalues are initially
approaching each other in frequency, then they will
quickly separate in damping after the resonance. One
of these eigenvalues can cross the imaginary axis and
cause an oscillation. This new mechanism for power
system oscillations can be seen as a generalization of
Kwatny’s flutter instability of Hamiltonian power sys-
tem models [10, 11] to a general power system model.

The new mechanism for power system oscillations re-
quires some change of perspective: instead of only ex-
amining the damping of a single complex conjugate pair
of eigenvalues, one must also consider the possibility
that two pairs of eigenvalues interact near a nondiag-
onalizable resonance to cause the oscillations. If two
pairs do interact in this way, then attempting to explain
and predict the eigenvalue movement or attempting to

damp the oscillation by only examining the complex
pair that crosses the imaginary axis can easily fail (see
section 3.1.) The new mechanism does not preclude
the possibility of a single isolated complex conjugate
pair of eigenvalues changing in damping as a cause of
oscillations; rather, the new mechanism points out an
alternative way in which the interaction of two pairs
of eigenvalues causes one of the pairs of eigenvalues to
reduce its damping and become unstable.

With the notable exception of the work of Kwatny
[10, 11], the possibility of nondiagonalizable resonance
seems to have been neglected in power systems analysis.
However, theory suggests that a typical power system
model can pass close to nondiagonalizable resonance as
a parameter is varied and that encountering nondiago-
nalizable resonance is more likely than encountering a
diagonalizable resonance. More work is needed to de-
termine whether practical power systems have any spe-
cial structure that could make approximate diagonaliz-
able resonance more likely. Nevertheless, we do suggest
that effects due to nearby nondiagonalizable resonance
do occur in practical power systems. Artificially sym-
metric power system models may fail to give resonance
results representative of practical power systems.

As two eigenvalues approach nondiagonalizable res-
onance, the corresponding eigenvectors also converge.
This is one way to explain how power system modes
which are initially associated with different power sys-
tem areas become coupled. Moreover, near nondiag-
onalizable resonance one expects that disturbances in
one mode can excite oscillations in another mode. It
will be interesting to try to verify these explanations
in power system examples such as the 0.7 Hz WSCC
system modes in which some sort of resonance has long
been suspected of causing ‘anomalous’ results.

Is modal resonance a precursor to power systems os-
cillations? The initial work in this paper strongly sug-
gests that a nondiagonalizable resonance can be a pre-
cursor to oscillations and that nearby nondiagonalizable
resonance is a possible explanation whenever power sys-
tems have closely spaced modes interacting.
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Appendix A: Generic structure near resonance

This appendix describes the generic structure of two
modes of a general power system model near resonance
using the matrix deformation theory explained in Wig-
gins [17] and Arnold [2].

We begin with a general dynamic power system

model and obtain a parameterized real matrix M̂(α)
whose eigenvalues determine the small signal stability
of the power system. Assume that the power system is
modeled by parameterized differential-algebraic equa-



tions which are analytic in the state and the param-
eters α ∈ Rp. Further suppose that the derivative of
the algebraic equations with respect to the algebraic
variables is nonsingular at the operating point. Then
we can locally solve the algebraic equations for the al-
gebraic variables via the implicit function theorem and
obtain analytic differential equations in a neighborhood
of the operating point. Suppose that the Jacobian of
the differential equations at the operating point is non-
singular. Then the equilibrium is an analytic function
of the parameters and evaluating the Jacobian at the
equilibrium yields a real parameterized matrix M̂(α).

M̂(α) is an analytic function of the parameters α ∈ Rp

in some neighborhood U of α0.

Suppose that at α = α0, exactly two complex eigen-
values coincide at λ0 = σ0 + jω0, where ω0 6= 0. It
follows that the complex conjugates of these eigen-
values also coincide at λ∗0 = σ0 − jω0. We are in-

terested in the eigenstructure of M̂(α) for α near to

α0. Since the eigenvalues of M̂(α) are continuous func-
tions of α, by shrinking the neighborhood U as nec-
essary, the eigenvalues can be expressed as functions
λ1(α), λ2(α), λ∗1(α), λ∗2(α) for α ∈ U with λ1(α0) =
λ2(α0) = λ0. Here U is shrunk so that λ1(α), λ2(α)
lie inside a disk centered on λ0 for α ∈ U and that
there are, counting algebraic multiplicity, exactly two
eigenvalues in the disk for α ∈ U .

Now we reduce the matrix M̂ to a 4 × 4 matrix
M which has the eigenstructure corresponding to the
four eigenvalues of interest. The projection P (α)
onto the four dimensional right eigenspace spanned
by the generalized right eigenvectors corresponding to
λ1(α), λ2(α), λ∗1(α), λ∗2(α) is an analytic function of α
[3]. Also the projection Q(α) onto the corresponding
four dimensional left eigenspace is an analytic func-

tion of α. Define M = QT M̂P . M(α) is an analytic
4 × 4 matrix valued function of the parameters α for
α ∈ U ⊂ Rp. M(α) has exactly the eigenstructure

corresponding to the four eigenvalues of M̂(α) of inter-
est. In particular, M(α0) has two complex eigenvalues
coinciding at λ0 = σ0 + jω0.

There are now two cases depending on whether
M(α0) is diagonalizable or not. In the diagonalizable
case M (α0) is similar to the matrix



λ0 0 0 0
0 λ0 0 0
0 0 λ∗0 0
0 0 0 λ∗0




in Jordan canonical form. Arnold [2], section 6.30E
shows that diagonalizable resonance is codimension 6 in
real parameter space. However, nondiagonalizable reso-
nance is codimension 2 in real parameter space. There-
fore we regard diagonalizable resonance as less likely to
occur than nondiagonalizable resonance in Jacobians of
a generic set of parameterized differential equations and
we proceed to analyze the nondiagonalizable case.

A.1 Nondiagonalizable eigenvalue resonance.

In the nondiagonalizable case M(α0) is similar to the
matrix MR0 in real Jordan canonical form

MR0 =



σ0 −ω0 1 0
ω0 σ0 0 1
0 0 σ0 −ω0

0 0 ω0 σ0




A miniversal deformation of MR0 is MR : R4 → R16

given by

MR(σ, ω, µr, µi) =




σ −ω 1 0
ω σ 0 1
µr −µi σ −ω
µi µr ω σ


 (10)

This key result can be deduced from [17, 2]. The conse-
quence of the miniversal deformation is that there exist
real analytic functions written, with some abuse of no-
tation, as σ(α), ω(α), µr(α), µi(α) and a 4×4 real ma-
trix valued coordinate transformation TR(α) analytic in
α such that

M(α) = TR(α)MR(σ(α), ω(α), µr(α), µi(α)) (TR(α))−1

for α in some neighborhood U1 ⊂ U of α0. Also
σ(α0) = σ0, ω(α0) = ω0, µr(α0) = 0, and µi(α0) = 0.
That is, a matrix similar to M(α) can be analytically
parameterized via the four parameters σ, ω, µr, and
µi. The “mini” in “miniversal” implies that four is the
minimum number of parameters required.

The eigenvalues of MR(σ, ω,µr, µi) are σ +
jω ±

√
µr + jµi. It is convenient to shrink U1

if necessary to ensure that the eigenvalues of
MR(σ(α), ω(α), µr(α), µi(α)) for α ∈ U1 are never
real. Then it follows, for α ∈ U1, that the eigenval-
ues of MR(σ(α), ω(α), µr(α), µi(α)) coincide iff µr(α) =
µi(α)) = 0.

It is convenient to also express this result in terms
of a 2× 2 complex matrix describing the two eigenval-
ues with positive frequency. Permuting the second and
third basis elements yields a matrix M ′

R similar to MR:

M ′
R(σ, ω, µr, µi) =




σ 1 −ω 0
µr σ −µi −ω
ω 0 σ 1
µi ω µr σ


 =

(
Ar −Ai

Ai Ar

)

Applying a complex coordinate change to M ′
R gives a

4× 4 complex matrix

M ′
C =

(
I2 jI2
I2 −jI2

)
M ′

R

(
I2 jI2
I2 −jI2

)−1

=

(
MC 0
0 M∗

C

)

where

MC(λ, µ) =

(
λ 1
µ λ

)

and

λ = σ + jω

µ = µr + jµi



The 2× 2 complex matrix MC = Ar + jAi is called the
complexification of M ′

R. The two eigenvalues of MC

are the two eigenvalues of MR with positive frequency.
Note that, setting µ = 0, MC(λ, 0) is in Jordan canon-
ical form and that for µ = 0 and λ = λ0, M

′
C is the

Jordan canonical form of M(α0).
In terms of MC(λ, µ), the consequence of the miniver-

sal deformation is that there exist complex analytic
functions written, with some abuse of notation, as λ(α),
µ(α), and a 4 × 4 complex matrix valued coordinate
transformation TC(α) analytic in α such that

M(α) =

TC(α)

(
MC(λ(α), µ(α)) 0

0 M∗
C(λ(α), µ(α))

)
(TC(α))−1

for α in some neighborhood U1 ⊂ U of α0. Also λ(α0) =
λ0 and µ(α0) = 0.

Thus the study of the eigenstructure of M(α) reduces
to the study of the eigenstructure of MC(λ(α), µ(α)).
In particular, the eigenvalues of MC(λ(α), µ(α)) are the
eigenvalues of M(α) with positive frequency and the
real and imaginary parts of the generalized eigenvec-
tors of MC(λ(α), µ(α)) are generalized eigenvectors of
M ′

R(σ(α), ω(α), µr(α), µi(α)), which is similar toM(α).

A.2 Structure of matrices near M(α0).

The miniversal deformation result above can be ap-
plied to determine the structure of all real 4 × 4 ma-
trices near M(α0) by a choice of the parameterization

α. Let α ∈ R16 be the entries of a real 4 × 4 matrix.
That is, we parameterize 4 × 4 matrices by their own
entries. Then µ(α) = (µr(α), µi(α)) may be regarded
as an analytic map µ : U1 → R2 where U1 ⊂ R16.
Since µ can be computed from the matrix eigenvalues
(see (7)) and the eigenvalues of MR(σ0, ω0, µr, µi) are
σ0 + jω0 ±

√
µr + jµi ,

µ
(
TR(M(α0))

−1MR(σ0, ω0, µr, µi)TR(M(α0))
)

= (µr, µi)

Hence µ is regular near M(α0). Therefore Γ =
µ−1((0, 0)) is an analytic codimension 2 submanifold
of the real 4 × 4 matrices near M(α0). Γ is the set of
real 4 × 4 matrices near M(α0) which are similar to
MR(σ, ω, 0, 0) for some values of σ and ω.

Every matrix N in U1 is similar to
MR(σ(N ), ω(N ), µr(N ), µi(N)) and the eigenval-
ues of N and MR(σ(N ), ω(N), µr(N ), µi(N)) are

σ(N) + jω(N) ±
√
µr(N) + jµi(N). Since U1 is

assumed to be shrunk so that these eigenvalues
are never real, N has coincident eigenvalues iff
µr(N ) = µi(N) = 0. Hence Γ is the set of matrices
in U1 which have a coincident complex conjugate pair
eigenvalues away from the real axis. Moreover, each
matrix in Γ is not diagonalizable.

A generic two parameter system of differential equa-
tions will have Jacobians which are diagonalizable ex-
cept at isolated points at which nondiagonalizable reso-
nance occurs (see the first corollary in Arnold [2] chap-
ter 6, section 30E).

Appendix B: Resonance and normal form
analysis

Recent work at Iowa State and Kansas State Univer-
sities applies normal form analysis to investigate and
quantify nonlinear interactions between power system
modes [12, 14]. This work analyzes the system at a
fixed set of parameters. The power system equations
are first transformed so that the linearization is in Jor-
dan canonical form and the equations are written in
terms of Jordan form (modal) variables. Then the equa-
tions are nonlinearly transformed to be linear up to
second order. The sizes of second order terms in the
nonlinear transformation are used to quantify nonlin-
ear interactions between the modes. The second order
terms become large when near second order resonances
between eigenvalues in which two eigenvalues sum to
equal a third eigenvalue. The work shows how the non-
linear mode interactions may be used to contribute to
the understanding and design of power system controls.

Our work examines the (nonlinear) changes in the
power system linearization as power system parameters
change near a first order resonance in which two com-
plex conjugate pairs of eigenvalues coincide. (In the
context of normal form theory the resonance studied in
our work can be called a ‘first order resonance’ and this
terminology is used in this appendix. The resonance
conditions used in normal form calculations are for sec-
ond order resonances and above.) This appendix com-
ments on the interpretation of the normal form method
when applied near a first order nondiagonalizable reso-
nance of two real eigenvalues.

Now we give a two dimensional example of the nor-
mal form transformation which is near to a first order
nondiagonalizable resonance. We follow the notation
of [12] for convenience. The form of the system in the
usual coordinates is

Ẋ = AX +
1

2

(
XTH1X
XTH2X

)

where A is the Jacobian matrix and H1 and H2 are
matrices defining the quadratic terms. This example
only concerns linear and quadratic terms. Assuming
that A is diagonalizable, we obtain a matrix U whose
columns are the normalized right eigenvectors of A and
a matrix V T whose rows are the left eigenvectors of A
such that V TU = I . Then the transformation X = UY
yields

Ẏ =

(
λ1 0
0 λ2

)
Y +

1

2
V T

(
Y TUTH1UY
Y TUTH2UY

)
(11)

where λ1, λ2 are the eigenvalues of A.
Lin et al [12] and Starrett et al [14] then define

Cj =
1

2

{
V T
j1

[
UTH1U

]
+ V T

j2

[
UTH2U

]}
=

[
Cj
kl

]

and

h2jkl =
Cj
kl

λk + λl − λj



The example is given by

ẋ1 = λx1 + x2

ẋ2 = µx1 + λx2 + 1
2 εx

2
1

(12)

so that

A =

(
λ 1
µ λ

)
, H1 =

(
0 0
0 0

)
, H2 =

(
ε 0
0 0

)
.

λ and µ are real and ε and µ are small real constants.
First order nondiagonalizable resonance occurs when
µ = 0. We assume µ 6= 0 in order to diagonalize A.
The eigenvalues of A and the matrices for transforma-
tion of A to Jordan form are

λ1 = λ+
√
µ, λ2 = λ−√µ

U =
1

1 + µ

(
1 1√
µ −√µ

)
, V T =

1 + µ

2

(
1 1√

µ

1 −1√
µ

)

Then (11) in Jordan form coordinates becomes

ẏ1 = λ1y1 +
ε

4
√
µ(1 + µ)

(y2
1 + 2y1y2 + y2

2)

ẏ2 = λ2y2 −
ε

4
√
µ(1 + µ)

(y2
1 + 2y1y2 + y2

2)

and

C1 = −C2 =
ε

4
√
µ(1 + µ)

(
1 1
1 1

)
(13)

and, for example,

h21
11 =

ε

4λ1
√
µ(1 + µ)

(14)

The other h2jkl have similar expressions. Note the factor
ε√
µ in (13) and (14).

Observe that no matter how small ε is, one can choose
a smaller µ so that the Cj and h2jkl have very large

magnitudes. Indeed |Cj | and |h2
j
kl| become infinite as

µ → 0. That is, no matter how small is the quadratic
nonlinearity in (12), one can, by moving the eigenvalues

closer together, make |Cj | and |h2jkl| arbitrarily large.

Some caution is needed in interpreting large |h2jkl|
near first order nondiagonalizable resonance. Large
|h2jkl| correctly reflects the high nonlinearity of the sys-
tem in Jordan form coordinates, but does not necessar-
ily imply that the system has significant nonlinearity in
other coordinates such as the coordinates x1, x2 used in
(12). The coordinate change to Jordan canonical form
requires increasing distortion as first order resonance
is approached and this distortion can greatly amplify
nonlinearities. It is plausible that a similar effect would
be observed near a nondiagonalizable resonance of two
complex conjugate pairs of eigenvalues.

Appendix C: Power system models and
parameters

C.1 3 bus system

The dynamic model for both generators consists of
a fourth-order synchronous machine (angle, speed, field
flux, one damper winding) with an IEEE type I excita-
tion system (third order), and a first-order model each
for the turbines, boilers, and governors. The machine
equations are (6.110–6.116), (4.98), (4.99), (6.118) and
(6.121) in [13]. The limits on exciter voltage VR and
the steam valve PSV are neglected.

All data is in per unit except that time constants are
in seconds.

Three bus power system data
Generator Exciter Gov/Turbine
T ′do = 5.33 KA = 50 TRH = 10.0
T ′qo = 0.593 TA = 0.02 KHP = 0.26
H = 2.832 KE = 1 TCH = 0.5

TFW = 0 TE = 0.78 TSV = 0.2
Xd = 2.442 KF = 0.01 Rd = 0.05
Xq = 2.421 TF = 1.2 ωs = 120π rad/s

X ′
d = 0.830 SE(Efd) = 0.397 e0.09Efd

X ′
q = 1.007

Rs = 0.003

Load Line 1-2 Line 2-3
PL = 1.0 R = 0.042 R = 0.031
QL = 0.3 X = 0.168 X = 0.126

B = 2× 0.01 B = 2× 0.008

The generator dispatch is controlled by a parameter
α which specifies the proportion of power specified at
the governors at buses 1 and 3:

Pc1 = αPctotal

Pc3 = (1 − α)Pctotal

(Pctotal is determined when the equilibrium equations
are solved.) The base case has α = 0.5 and the results
are produced by decreasing α to 0.1 in steps of −0.1.

C.2 9 bus system

The overall form of the 9 bus model is that of the
WSCC system shown in Figure 7.4 of [13], except that
PQ loads are added at buses one and two. The gen-
erators are round rotor with IEEE Type 1 exciters.
The generator dynamic equations are consistent with
(6.173) to (6.181) of [13]. The generator algebraic equa-
tions are consistent with (6.186), (6.187) and (6.188) of
[13]. The saturation function relations are consistent
with (6.189) to (6.193) of [13], with

Ssmi(|ψ ′′|) =

{
0 if |ψ ′′| ≤ SGA

SGB(|ψ ′′| − SGA)2 if |ψ ′′| > SGA

SE(Efd) =

{
0 if Efd ≤ SEA

SEB(Efd − SEA)2/Efd if Efd > SEA

The network data is given in Table 7.2 of [13]; other
parameters are as follows. All data is in per unit except
that time constants are in seconds.



Machine Data
Parameter bus1 bus2 bus3

T ′do 8.96 8.5 3.27
T ′qo 0.31 1.24 0.31
T ′′do 0.05 0.037 0.032
T ′′qo 0.05 0.074 0.079
H 22.64 6.47 5.047

TFW 0 0 0
Xd 0.146 1.75 2.201
Xq 0.0969 1.72 2.112

X
′

d 0.0608 0.427 0.556

X
′

q 0.0608 0.65 0.773

X
′′

d = X
′′

q 0.25 0.275 0.327
Xl 0 0.22 0.246
SGA 0.898 0.911 0.825
SGB 9.610 8.248 2.847

Exciter Data
Parameter bus1,2,3

TR 0
KA 20
TA 0.2
KE 1.0
TE 0.314
KF 0.063
TF 0.35
SEA 2.5484
SEB 0.5884

Load Data
Parameters bus1 bus2 bus5 bus6 bus8

PL 1.50 0.50 0.25 0.25 1.0
QL 0.165 0 0.075 0.075 0.35

Bus 1 has a constant power load. The loads on buses
2,5,6,8 have real power loading of 40% constant current
and 60% constant admittance and reactive power loads
of 50% constant current and 50% constant admittance.
Base MVA is 100 and the system frequency is 60 Hz.
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