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Abstract

Market equilibrium conditions can be derived from more general dy-
namic equations describing the marketplace. Dynamic market equations

provide additional insights into the behavior and stability of markets

which are not available from static models. For example, markets with
a single supplier with declining linear costs (economies of scale) may or

may not be stable, depending on speci�c cost characteristics. Markets

with more than one supplier with declining linear costs are always unsta-
ble. Energy imbalance requires careful design: a combination of aggressive

energy imbalance regulation and rapid response of the market can lead to
unstable market conditions. Congestion has the potential of substantially

altering the market equilibrium point. However, if properly handled, it

does not a�ect market stability.
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1 Introduction

When designing Power Exchanges and policies for Independent System Opera-
tors for Electric Power Systems, it is necessary to consider whether the markets
that underlie this mode of operation lead to well-behaved (stable) market equi-
librium conditions. This report studies the impact of various policies on the
dynamic behavior of power system markets. The impact of dynamics has been
used with success by economists to better understand markets1.

Several cases of increasing complexity are considered: the classic steady
state results for economic equilibria are readily derived for each case, along
with conditions for market stability. The cases considered are:

� A one-supplier one-consumer case.

� A �xed (inelastic) demand case, �rst with two and then with m suppliers.

� A case with m suppliers and n elastic (price-responsive) consumers.

� A case with m suppliers, n consumers, and commodity (energy) storage
capability.

� The e�ect of network congestion on a market with several suppliers and
several consumers.

A set of simple numerical examples is presented and solved to illustrate the
points at hand. A number of principles are derived, and the implications for
the operation of electric power markets are explained.

Certain assumptions are made throughout the report. The purpose of these
assumptions is to facilitate the introduction of concepts. The assumptions are:

� Marginal production costs �g are linear functions of the output quantity
2

(the power Pg).

� Marginal bene�t functions �d are negatively-sloping linear functions of
power consumption Pd.

� Any suppliers/consumers at a limit are considered as �xed injections/extractions
to/from the market.

� Response of both suppliers and consumers to observed prices is not instan-
taneous. They are governed by �rst order single time constant di�erential
equations.

� Except as otherwise noted, supply and demand are in precise balance at
all times (there is no storage of energy).

� Except as otherwise noted, there are no network constraints.

� Transportation (transmission) losses are negligible.

1See, for example, Leontief [1, 2] and Hawkins [3].
2With due apologies to economists who may read this report, the symbol P is used to

denote quantity (power), not price. Price is denoted by �.
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2 The dynamics of simple economic systems

If a supplier observes a market price � above his/her production cost �gi, it
is assumed that the supplier will expand production until the marginal cost
of production equals the price. The rate of expansion is proportional to the
di�erence between the observed price and the actual production cost. The
speed with which the generation power output Pgi of supplier i can respond
is supplier dependent. It is denoted by a time constant �gi for supplier i. Let
the price at any given time be �. The above yields the following di�erential
equation:

�gi _Pgi = �� bgi � cgiPgi (1)

where bgi + cgiPgi is the marginal cost �gi of supplier i.
A consumer demand Pdi with a marginal bene�t function �di above the

marginal price will expand consumption until parity is attained. The speed of
expansion is consumer dependent, and it is characterized by a time constant
�di. The equation describing the behavior of a consumer is (the subscript i is
implicit):

�di _Pdi = bdi + cdiPdi � � (2)

where bdi + cdiPdi is the marginal consumer bene�t.
The �nal condition required to characterize the marketplace is balance be-

tween supply and demand. If there is no energy storage, such a condition for
the case of m suppliers and n consumers is characterized by:

mX
i=1

Pgi =

nX
i=1

Pdi (3)

which specializes trivially to the case of one supplier and one consumer:

Pg = Pd (4)

If a certain amount of energy can be stored in the system (as long as under
steady-state conditions no such energy remains because it is driven to zero),
the power balance equation 4 must be modi�ed to include the dynamics of the
stored energy. The energy is determined from:

_E = Pg � Pd (5)

Stored energy is the integral of power imbalance. Or, equivalently, the derivative
of the stored energy ( _E) is equal to the power imbalance. Suitable equations
are later added to drive the steady-state stored energy E to zero.

The models in this report are by nature stochastic. For many studies, the
stochastic nature of the problem can be represented by considering bg and bd to
be random variables. The present analysis is limited to the case of deterministic
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variables and costs, or rather, to the case where the expected values of stochastic
variables are used.

The models in this paper can also be extended quite naturally to take into
consideration the transition from long-term to short-term decisions. In par-
ticular, long run and short run responses will di�er for both consumers and
producers. Both cg and cd will generally have a smaller absolute value in the
long run case. The transition from long run to short run costs can be achieved
by making the marginal bene�t (and/or the marginal cost) adjustable according
to their own dynamic equations, which depend on the dynamics of the cost of
capital and the bene�ts of system expansion.

3 A one-supplier one-consumer case

Consider the set of di�erential/algebraic equations (DAE) corresponding to the
case of one supplier with demand elasticity cg and one consumer with demand
elasticity cd. The DAEs characterizing this case are:

�g _Pg = �� bg � cgPg (6)

�d _Pd = bd + cdPd � � (7)

Pg = Pd (8)

which, in matrix form, can be expressed as:

2
4 �g 0 0

0 �d 0
0 0 0

3
5
2
4

_Pg
_Pd
_�

3
5 =

2
4 �cg 0 1

0 +cd �1
1 �1 0

3
5
2
4 Pg

Pd
�

3
5+

2
4 �bg

bd
0

3
5

(9)

The interpretation of these equations is as follows: the supplier acts in a
way that tends to increase production when prices exceed production marginal
costs. The consumer acts in a way that tends to increase consumption when
marginal bene�ts exceed price.

For every case in this report, the static equilibrium point is determined �rst,
followed by an analysis of the dynamic stability of such an equilibrium point.

The equilibrium for the DAE system above is obtained by setting the deriva-
tive terms to zero:

0 = � � bg � cgPg (10)

0 = bd + cdPd � � (11)

0 = Pg � Pd (12)

which, expressed in matrix form, leads to:

2
4 �cg 0 1

0 cd �1
1 �1 0

3
5
2
4 Pg

Pd
�

3
5 =

2
4 bg
�bd
0

3
5 (13)
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Solution of this algebraic linear problem leads to:

Pg =
bd � bg

cg � cd
(14)

Pd = Pg (15)

� =
�bgcd + cgbd

cg � cd
(16)

The following assumptions are reasonable:

� Assume that cd < 0, indicating that marginal consumer bene�t decreases
with consumption.

� Assume that bd > bg, indicating that initial consumer marginal bene�t is
greater than initial producer marginal cost.

� Assume that bg > 0 (\no free lunch").

� While it can generally be assumed that cg > 0, the case of cg � 0
(\economies of scale" for the supplier) cannot always be ruled out. Both
cases are thus considered here.

Under these assumptions, the following observations apply to this solution:

� The solution occurs when marginal cost of production equals marginal
bene�t of consumption.

� The equilibrium point can be shown to result in a positive price � > 0 as
well as a positive amount of power delivered Pg = Pd > 0.

For an analysis of the dynamics of this system, the price � can be eliminated
from the original dynamic equations by adding equations 6 and 7. This DAE
model represents a �rst order system3. Substitution from 8, re-arrangement,
and retention of the homogeneous portion of the result leads to:

(�g + �d) _Pg = �(cg � cd)Pg (17)

The condition for the stability of this equation is that the eigenvalue associ-
ated with this problem be negative, that is:

cg � cd

�g + �d
> 0 (18)

or simply, since �g > 0 and �d > 0:

cg > cd (19)

3Implicit in this DAE model is the assumption that, although reponse of a market to a
price signal is not instantaneous, such a response must result in power balance at all times.
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Satisfying this condition is virtually assured, since cd < 0 (quite often cd � 0).
Thus, this type of market is stable, and static analysis is su�cient to ascertain
the economic behavior of such a market.

The reason that so much e�ort has been taken to reach such an intuitive
conclusion is because the interest in developing a general method suitable for
any size system and any set of similar assumptions. More complex cases can
now be studied using the same eigenvalue method.

4 A �xed-demand case

The DAEs characterizing the two-supplier �xed-demand case are:

�g1 _Pg1 = � � bg1 � cg1Pg1 (20)

�g2 _Pg2 = � � bg2 � cg2Pg2 (21)

Pg1 + Pg2 = PD (22)

which, in matrix form, can be expressed as:

2
4 �g1 0 0

0 �g2 0
0 0 0

3
5
2
4

_Pg1
_Pg2
_�

3
5 =

2
4 �cg1 0 1

0 �cg2 1
1 1 0

3
5
2
4 Pg1

Pg2
�

3
5+

2
4 �bg1
�bg2
�PD

3
5

(23)

The equilibrium point is obtained from the solution of the following linear
set of equations:

2
4 �cg1 0 1

0 �cg2 1
1 1 0

3
5
2
4 Pg1

Pg2
�

3
5 =

2
4 bg1

bg2
�PD

3
5 (24)

This solution generalizes readily to the case ofm suppliers and �xed demand:

2
666664

�cg1 0 � � � 0 1
0 �cg2 � � � 0 1
...

...
. . .

...
...

0 0 � � � �cgm 1
1 1 � � � 1 0

3
777775

2
666664

Pg1
Pg2
...

Pgm
�

3
777775
=

2
666664

bg1
bg2
...

bgm
PD

3
777775

(25)

The following are observations from the steady state equilibrium conditions:

� Equilibrium occurs when all suppliers which are not constrained by either
minimum or maximum limits operate at the same marginal cost (�).

� There are no a-priori assurances that the solution of equation 25 results
in all suppliers with positive output at the equilibrium point4.

4Assume that some producers would have negative output according to equations 25. This
means that these producers will not participate in the market.
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Dynamic analysis of this problem can be done by eliminating (subtracting)
the �rst dynamic equation (equation 20) from the second (equation 21). After
this is done, the variable Pg1 is eliminated by substitution from equation 22.
The homogeneous part of the resulting di�erential equation is:

(�g1 + �g2) _Pg2 = �(cg1 + cg2)Pg2 (26)

Observations from this equation are:

� Provided a solution exists, its stability is independent of the linear cost
coe�cients bg1 and bg2.

� If both cg1 > 0 and cg2 > 0, stability is assured.

� It is su�cient to have cg1+ cg2 > 0 to assure stability. Thus, it is possible
for either c1 or c2 to be zero or slightly negative (but not both) and still
have stable market conditions.

Generalization to the case of m suppliers follows the same steps. The result-
ing homogeneous equations (in matrix form) are:

2
6664

�g1 + �g2 �g1 � � � �g1
�g1 �g1 + �g3 � � � �g1
...

...
. . .

...
�g1 �g1 � � � �g1 + �gm

3
7775

2
6664

_Pg2
_Pg3
...
_Pgm

3
7775 =

�

2
6664

cg1 + cg2 cg1 � � � cg1
cg1 cg1 + cg3 � � � cg1
...

...
. . .

...
cg1 cg1 � � � cg1 + cgm

3
7775

2
6664

Pg2
Pg3
...

Pgm

3
7775

(27)

The dynamic characteristics of the market are dictated by the eigenvalues
of this generalized eigenvalue problem. The following additional general ob-

servations can be made from the diagonal-dominance characteristics of these
matrices:

� If cgi > 0 for all i, the result is a stable market (all eigenvalues are nega-
tive).

� If cgi � 0 for two or more values of i, the result is necessarily an unstable
market.

� It is su�cient to ascertain the stability properties of the right hand side
matrix to determine the stability properties of the solution.

The practical consequence of the above is that markets can tolerate one

supplier that exhibits economies of scale (ci < 0), provided the economies are
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not too signi�cant5. It is, of course, unlikely that any one supply technology will
exhibit inde�nite economies of scale. However, the above can be used to help
understand the somewhat erratic behavior that power markets can be expected
to exhibit over certain supply ranges. Negatively sloping marginal costs can be
the result of:

� \Valve points"6 and other such conditions dictated by the e�ciencies of
various technologies.

� Requirements for minimum production levels.

� Startup and shutdown costs.

� Certain conditions when a supplier may reach a limit of production capa-
bility, and via network interaction e�ects, reduce temporarily the marginal
cost of another supplier.

� Inherent operational economies of scale of certain technologies.

Thus, the erratic behavior that may result from the features of power system
cost structures is a major factor in the determination of regulation ancillary
service needs.

5 The variable demand case

The results of the previous two sections can now be extended to the case where
the dynamics of both supply and demand are taken into consideration. This
time, the general case of m suppliers and n consumers is considered. Practical
conclusions are drawn from a more detailed study of lower-order solutions of
the general problem.

The general problem dynamic equations in matrix form are:

2
66666666664

�g1
. . .

�gm
�d1

. . .

�dn
0

3
77777777775

2
666666666664

_Pg1
...
_Pgm
_Pd1
...
_Pdn
_�

3
777777777775

=

5The condition required is that, if ci < 0, then
1

jcij
<

mX
j=1;j 6=i

1

jcj j
.

6Valve points refer to the situation when a partially open steam valve in a unit can lead
to ine�cient operation for a given turbine stage. Thus, many types of generating units have
strong incentives to operate at or near full throttle, as this results in lower marginal costs.
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2
66666666664

�cg1 1
.. .

...
�cgm 1

+cd1 �1
.. .

...
+cdn �1

1 � � � 1 �1 � � � �1 0

3
77777777775

2
66666666664

Pg1
...

Pgm
Pd1
...

Pdn
�

3
77777777775
+

2
66666666664

�bg1
...

�bgm
+bd1
...

+bdn
0

3
77777777775
(28)

The static equilibrium for this problem can be obtained from the solution of
the following algebraic problem:

2
66666666664

cg1 �1
.. .

...
cgm �1

�cd1 1
.. .

...
�cdn 1

�1 � � � �1 1 � � � 1 0

3
77777777775

2
66666666664

Pg1
...

Pgm
Pd1
...

Pdn
�

3
77777777775
=

2
66666666664

�bg1
...

�bgm
bd1
...
bdn
0

3
77777777775

(29)

And the conditions for dynamic stability of the above problem can be ob-
tained from an inspection of the eigenvalues of the following reduced generalized
eigenvalue problem:

2
666666664

�g1 + �g2 � � � �g1 ��g1 � � � ��g1
...

. . .
...

...
...

�g1 � � � �g1 + �gm ��g1 � � � ��g1
��g1 � � � ��g1 �g1 + �d1 � � � �g1
...

...
...

. . .
...

��g1 � � � ��g1 �g1 � � � �g1 + �dn

3
777777775

2
666666664

_Pg2
...
_Pgm
_Pd1
...
_Pdn

3
777777775
=

2
666666664

�cg1 � cg2 � � � �cg1 cg1 � � � cg1
...

. . .
...

...
...

�cg1 � � � �cg1 � cgm cg1 � � � cg1
cg1 � � � cg1 �cg1 + cd1 � � � �cg1
...

...
...

. . .
...

cg1 � � � cg1 �cg1 � � � �cg1 + cdn

3
777777775

2
666666664

Pg2
...

Pgm
Pd1
...

Pdn

3
777777775

(30)

which, for a two-supplier, one-load system, reduces to:

�
�g1 + �g2 ��g1
��g1 �g1 + �d1

� �
_Pg2
_Pd

�
=

�
�cg1 � cg2 cg1

cg1 �cg1 + cd

� �
Pg2
Pd

�
(31)

The eigenvalues of this problem dictate the stability of the market. If cgi > 0
for 1 � i � m and cdi > 0 for 1 � i � n, stability is assured. This veri�es
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that, even if demands are elastic, the market equilibrium is stable if no supplier
exhibit economies of scale and no consumer exhibits \economies of consump-
tion", that is, regions in their marginal bene�t function where bene�ts increase
as consumption increases.

6 The case of energy imbalance

Consider now the situation that occurs when the condition for strict power
balance at all times is relaxed. Instead of requiring:

Pg1 + Pg2 + � � �+ Pgm � Pd1 � Pd2 � � � � � Pdn = 0 (32)

the resulting energy imbalance E is computed from:

_E = Pg1 + Pg2 + � � �+ Pgm � Pd1 � Pd2 � � � � � Pdn (33)

Of course, energy imbalance cannot be sustained inde�nitely. It must be reduced
or driven to zero. In a traditional utility environment, such an objective is
attained by automatic generation control7. In a market-driven model, it must
be assumed that prices will reect the degree of energy imbalance. That is, an
excess of the quantity supplied (the power Pg) in the grid will slightly depress
the value of the power to the consumers, and thus will decrease the price they are
willing to pay. Such a situation can be represented by adjusting prices depending
on the degree of energy imbalance. As explained below, it may also be necessary
to alter the prices seen by the suppliers whenever there is any persisting energy
imbalance. This point was the basis for the proposals by Bohn et al. [5] and
has been recently promoted further by [6, 7].

In what follows, we refer to the changing of price depending on excess or
shortfall or real time energy balance as \frequency regulation pricing" or \ACE
(Area Control Error) pricing." The equations representing the dynamics of ACE
pricing for a one-supplier one-consumer case are:

�g _Pg = �bg � cgPg + � � kE (34)

�d _Pd = bd + cdPg � � (35)

_E = Pg � Pd (36)

�� _� = �E (37)

The interpretation of these equations is as follows: generators act in a way
that tends to increase production when prices exceed production marginal costs.
Consumers act in a way that tends to increase consumption when marginal
bene�ts exceed price. Since it may be impossible to perfectly balance supply and
consumption at all times, any discrepancy accumulates as an energy error. In a
practical system, this results in either an increase in frequency or an increase in
the Area Control Error (ACE). The result of an excess of energy is a reduction

7See [4] for an excellent reference on conventional AGC.
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in the system price, which takes place according to some time constant ��.
This reduction in system price increases consumption and decreases production,
thereby leading to a decrease in the excess energy.

Stability requirements also necessitate the presence of a supplementary sta-
bilizing price signal to be sent to either the suppliers or the consumers. In the
case considered here, the signal is sent only to the suppliers. The stabilizing
signal sent is equal to a constant k times the accumulated energy error (equation
34). This signal can be interpreted as a \bias" that is added to prices whenever
the energy error is nonzero. This supplementary market signal is essential to
stable market behavior.

The equilibrium of the above dynamic market equations occurs when:

2
664
�cg 0 �k 1
0 +cd 0 �1
1 �1 0 0
0 0 �1 0

3
775

2
664

Pg
Pd
E

�

3
775 =

2
664

bg
�bd
0
0

3
775 (38)

The equilibrium for this case occurs when Pg = Pd, E = 0, and at equal
marginal production cost and marginal consumer bene�t.

The dynamic properties of this equilibrium point are dictated by the eigen-
values of the following generalized eigenvalue problem:

2
664

�g 0 0 0
0 �d 0 0
0 0 1 0
0 0 0 ��

3
775

2
664

_Pg
_Pd
_E
_�

3
775 =

2
664
�cg 0 �k 1
0 cd 0 �1
1 �1 0 0
0 0 �1 0

3
775

2
664

Pg
Pd
E

�

3
775

(39)

Observe that this problem contains no algebraic conditions. The stability
properties of this problem are controlled by the eigenvalues of equation 39.

Although not illustrated here, these equations generalize readily to the case
of multiple suppliers and multiple consumers. The following observations can
be made about the problem with energy imbalance:

� Energy imbalance, as long as it is eventually driven to zero, does not a�ect
the ultimate equilibrium point of the market.

� Failure to provide price or other feedback mechanisms to the market will
result in permanent energy imbalance that will make markets unable to
balance supply and demand. Thus, the need for energy imbalance moni-
toring and correction is essential.

� Providing energy imbalance feedback based on energy imbalance alone is
not enough. It will result in price instabilities. The integral of the energy
imbalance (i.e., the net accumulated energy imbalance) needs to be used
as a signal as well.

� Feedback gains (k in the example above) and time constants intended to
drive energy imbalance toward zero can, under certain conditions, make

c1997 F. L. Alvarado 11



7 THE EFFECT OF CONGESTION PSerc{97{01

the market behavior unstable. The problem is most severe when large
gains and small time constants are used. This will be illustrated by ex-
ample.

� However, if the time constants are made too slow the system will spend
a considerable amount of time with nonzero imbalance. If the costs of
operating the system are not stationary with time and the system is not
at a zero-imbalance condition, this fact can give rise to opportunities for
market participants that are savvy of the dynamics of the market.

� It is impossible for an eigenvalue to become zero unless there are economies
of scale, that is, unless some values of cg are less than zero. Thus, the
instabilities that occur are oscillatory instabilities.

All these observations are based on the nature and structure of the equations
above, and will be further corroborated in the numerical examples section.

7 The e�ect of congestion

Congestion has the e�ect of imposing additional requirements on the market. In
most markets, these e�ect are quite trivial and easy to visualize: the amounts of
\goods" that can be shipped from A to B is limited, thus, the markets separate.
In electric networks congestion is no less real, but it is harder to quantify and
visualize because of the nature of network ows.

In the end, congestion restrictions can be characterized simply as one or more
equality conditions that must be satis�ed by the combination of all suppliers
and consumers. Only \binding" congestion needs to be formally represented.
Potential congestion needs to be monitored, but it need not be explicitly repre-
sented8.

The characterization of congestion is thus done by means of a sensitivity
matrix structure. That is, it is possible to obtain linear expressions that relate
individual power injections to individual ows. This linear equation is valuable
because it characterizes all viable trading thresholds which prevent a congested
line from being further congested. This notion is the basis for the current
coordinated trades proposal [8].

A single congested condition can be represented as a scalar additional equal-
ity constraint:

Sg1Pg1 + Sg2Pg2 � � �+ SgmPgm + Sd1Pd1 + Sd2Pd2 � � �+ SdnPdn = s1
(40)

8The exception to this is when probabilistic analysis is used. In this case, congestion can
always occur, and what needs to be characterized is the probability with which constraint
conditions will occur. Even in this case, however, only congestion conditions that have a
nontrivial probability of occurrence need to be represented.
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or, for the general case of ns congestion conditions:

2
64

Sg11 � � � Sg1m Sd11 � � � Sd1n
...

...
...

...
Sgns1 � � � Sgnsm Sdns1 � � � Sdnsn

3
75

2
666666664

Pg1
...

Pgm
Pd1
...

Pdn

3
777777775
=

2
6664

s1
s2
...

sns

3
7775

(41)

Congestion equality constraints are algebraic. Thus, analysis of the equi-
librium as well as the stability properties of the congested market required the
consideration of a DAE set of equations with multiple algebraic constraints. Of
necessity, the congestion problem requires that higher-order nontrivial systems
be considered. Simple one-supplier one-consumer examples are not meaning-
ful in the presence of congestion. Furthermore, if the conditions for attaining
feasibility are included, an equilibrium cannot be found because there are too
many conditions speci�ed. The issue is resolved by introducing shadow prices
(lagrange multipliers �) that play the role of congestion prices. If this is done,
the complete dynamic equations for the congested m-supplier n-consumer case
with ns active algebraic congestion conditions are:

2
666666666666666664

�g1
. . .

�gm
�d1

. . .

�dn
0

0
. . .

0

3
777777777777777775

2
6666666666666666664

_Pg1
...
_Pgm
_Pd1
...
_Pdn
_�
_�1
...

_�ns

3
7777777777777777775

=

2
666666666666666664

�bg1
...

�bgm
bd1
...
bdn
0
s1
...
sns

3
777777777777777775

+

2
666666666666666664

�cg1 1 Sg11 � � � Sgns1
. . .

...
...

...
�cgm 1 Sg1m � � � Sgnsm

cd1 �1 Sd11 � � � Sdns1
. . .

...
...

...
cdn �1 Sd1n � � � Sdnsn

1 � � � 1 �1 � � � �1 0
Sg11 � � � Sg1m Sd11 � � � Sd1n 0 0 � � � 0
...

...
...

...
...

...
. . .

...
Sgns1 � � � Sgnsm Sdns1 � � � Sdnsn 0 0 � � � 0

3
777777777777777775

2
666666666666666664

Pg1
...

Pgm
Pd1
...

Pdn
�

��1
...

��ns

3
777777777777777775

(42)
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The problem is now too complex continue using detailed matrix notation.
Switching to a more compact notation:

�
T 0

0 0

� �
_P
_�

�
=

�
C S

t

S 0

� �
P

�

�
+

�
b

s

�
(43)

where:

T is a diagonal matrix with the time constants for all powers, generation as
well as demand.

P is a vector of all powers (m generation powers and n demand powers).

� is a vector with all lagrange multipliers (the price � is the �rst of these).

C is the diagonal matrix of all quadratic cost coe�cients cgi as well as cdi.

S is the matrix corresponding to the sensitivities of the constraints, but it also
includes in its �rst row the power balance condition, thus its dimension is
m + n by ns + 1.

s is a vector with a zero in its �rst position and the values of the right hand
sides in the constraint equations in the remaining positions.

The equilibrium point of these equations is obtained from the solution of the
following purely algebraic equations:

�
C S

t

S 0

� �
P

�

�
= �

�
b

s

�
(44)

Key observations about these equations are:

� The main e�ect of congestion is to result in at least a partial separation
of markets: the solution no longer occurs at equal marginal costs for all
producers9 .

� Which and how many equations join the algebraic constraints depends on
the nature and degree of congestion.

� The lagrange multipliers � are not unique. They can all be altered by
adding an arbitrary constant to all multipliers and the solution is unal-
tered.

The dynamic equations for this problem are of reduced order. Reduction of
the DAE problem to a purely di�erential equation can be done by �rst eliminat-
ing all the ns+1 lagrange multipliers, and then replacing ns+1 redundant state
variables in terms of a reduced set of n+m�ns�1 of non-redundant variables,

9Whether the prices are made explicitly by congestion pricing as in [9] or whether the
congestion pricing develops implicitly as a result of trade coordination is irrelevant. Without
price separation as a result of congestion an equilibrium is not possible.
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obtaining in the end a set of n + m � ns � 1 purely di�erential equations. To
do this, the equations above are organized as follows:

2
4 T1 0 S

t
1

0 T2 S
t
2

S1 S2 0

3
5
2
4

_P1

_P2

_�

3
5 =

2
4 C1 0 S

t
1

0 C2 S
t
2

S1 S2 0

3
5
2
4 P1

P2

�

3
5 (45)

where S1 corresponds to a subset of ns + 1 by ns + 1 of S, and P1 corresponds
to a subset ns of P denoting the redundant power variables. The classi�cation
of P into redundant and nonredundant states is irrelevant, and is subject only
to the condition that S1 be nonsingular. Reduction and elimination of � and
P1 yields the following reduced purely di�erential equations:

�
T2 + S

t
2
S
�t
1
T1S

�1

1
S2

�
_P2 =

�
C2 + S

t
2
S
�t
1
C1S

�1

1
S2

�
P2 (46)

where S�t
1

is the transposed inverse of S1.
The stability characteristics of the congested problem depend on the location

of the eigenvalues for this reduced dynamic system. Observations from this
equation include:

� The e�ect of congestion on the dynamics is to reduce the order of the
dynamic interactions but to render results less intuitive.

� The dynamics of the congestion pricing mechanism have not been consid-
ered.

Thus, congestion simply alters the number and nature of the already present
algebraic contraints under which the market mus operate.

8 Computational comments

This report has used full matrix techniques and explicit reduction of algebraic
equations to obtain conditions that lead to stable behavior. Furthermore, the
power balance equation has ignored all network e�ects, including losses. All
the methods and results in this paper can be extended by replacing the single
equation denoting power balance by the complete set of power ow equations
for the problem. In addition, all the eigenvalue computations can take place
in the unreduced problem. It is not necessary to explicitly reduce the matrix
problems to lower order in order to determine the eigenvalues of the reduced
system. There are quite e�ective methods and techniques able to deal with
generalized unreduced DAE eigenvalue problems[10].

9 The numerical examples

This section presents numerical examples to illustrate the characteristics of the
various models and assumptions.
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9.1 One-supplier one-consumer example

The �rst example considers one supplier and one consumer, both elastic. A
variety of parameters and coe�cients are considered. These are illustrated in
Table 1. From this table, the following observations can be made:

� Changes in the linear cost coe�cients b a�ect the location of the operating
point. It is seen that changes in b result in changes in Pg and Pd. These
changes also a�ect the cost �.

� Changes to b do not a�ect the dynamic characteristics of the problem.

� Modi�cations to the time constants �g and �d a�ect the dynamic charac-
teristics of the market, but do not alter the operating point.

� Changes to cg and/or cd a�ect both the location of the market equilibrium
and the dynamic characteristics of the market.

These conclusions underscore the signi�cance of the quadratic cost coe�cient
(c) of suppliers in determining market equilibria characteristics.

Table 1: Equilibrium and dynamic characteristics of a one supplier one demand
system without congestion. Changes relative to the base case are highlighted.

Supplier data Consumer data SS solution

�g cg bg �d cd bd Pg Pd � Eig.

0:3 0:5 2 0:2 �0:5 10 8:0 8:0 6:00 �2:00
0:3 0:5 4 0:2 �0:5 9 5:0 5:0 6:50 �2:00
0:2 0:5 2 0:2 �0:5 10 8:0 8:0 6:00 �2:50
0:3 0:5 2 0:2 �0:2 10 11:4 11:4 7:71 �1:40
0:3 0:5 2 0:2 �2:0 10 3:2 3:2 3:60 �5:00

9.2 Two-supplier inelastic demand example

The next example is a two-supplier case with �xed (completely inelastic) de-
mand. Table 2 illustrates the values of the steady-state solution point as well
as the dynamic characteristics of the market. As before, only one eigenvalue is
needed to characterize this case. The following observations can be drawn from
the example:

� If one supplier has economies of scale and the other does not, the issue of
stability depends on the values of certain other parameters.

� If the market is stable for one set of values of � (market delays), it will be
stable for any other value of � .
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Table 2: Equilibrium and dynamic characteristics of a two-supplier �xed-
demand system without congestion. Changes relative to the base case are high-
lighted.

Input data Equilibrium

�g cg bg PD Pg � Eig.

0:3 0:5 2:0 10:0 1:43 2:71 �1:40
0:2 0:2 1:0 8:57

0:3 0:5 2:0 8:0 0:86 2:43 �1:40
0:2 0:2 1:0 7:14

0:3 0:5 2:0 10:0 5:71 4:86 �1:40
0:2 0:2 4:0 4:29

0:3 0:5 2:0 10:0 3:33 3:67 �0:60
0:2 �0:2 5:0 6:67

0:3 �0:3 3:5 10:0 5:00 2:00 0:20

0:2 0:2 1:0 5:00

This example illustrates the signi�cance of the quadratic cost coe�cient (the
elasticity coe�cients) for the determination of stability of markets: changes in
the elasticity coe�cients directly a�ect the solution eigenvalues and can even
make the market unstable. The last case has a positive eigenvalue.

9.3 Multi-supplier multi-consumer examples

The next example considers a variety of increasingly larger order systems, with
more generators and loads. The case is illustrated in Table 3.

These examples verify the earlier analysis that indicates that, if economies of
scale exist, unstable markets can occur. The following inferences can be drawn
from this example:

� The steady state operating point depends on the linear cost coe�cients
b. Changing the costs of power for the various producers has an e�ect on
the ultimate cost as well as the ultimate production schedules.

� However, the steady state operating point does not depend on the time
constants � or the quadratic cost coe�cients cg or cd.

� The stability of the operating point depends on the quadratic coe�cients
cg or cd.

9.4 Congestion examples

The next set of examples considers the e�ect of congestion on both the equilib-
rium point for the market and the stability of this equilibrium point. The con-
gestion example is illustrated in Table 4. This table illustrates a three-supplier
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Table 3: A two-supplier one-consumer case, and a 3-supplier two-consumer case
for various time constants and cost coe�cients. The last two cases exhibit
economies of scale, but only the last case results in an unstable market (see text
for details). Interesting numbers within the table are indicated boldface.

Supplier data Consumer data SS solution

�g cg bg �d cd bd Pg Pd � Eig.

0:3 0:5 2:0 0:20 �0:50 10:0 2:44 13:56 3:22 �1:34
0:2 0:2 1:0 11:11 �2:10

0:3 0:5 3:0 0:20 �0:50 9:0 0:44 11:56 3:22 �1:34
0:2 0:2 1:0 11:11 �2:10

0:3 0:5 2:0 0:20 �0:50 10:0 2:52 13:48 3:26 �1:24
0:2 0:2 1:0 0:25 �0:60 8:0 11:31 7:90 �1:85
0:1 0:3 1:0 7:54 �2:74

�2:44

0:3 0:5 2:0 0:20 �0:50 10:0 4:67 11:33 4:33 �0:04
0:2 �0:1 4:5 0:25 �0:60 8:0 1:67 6:11 �1:83
0:1 0:3 1:0 11:11 �2:74

�2:44

0:3 0:5 2:0 0:20 �0:50 10:0 3:62 12:38 3:81 0:50

0:2 �0:1 5:0 0:25 �0:60 8:0 11:92 6:99 �0:93
0:1 �0:05 4:0 3:84 �1:95

�2:45

two-consumer case with one, two and three congestion constraints active. In
addition to the usual power balance condition, the congestion constraints in
this hypothetical example are characterized by the following conditions:

2
4 0:1 �0:1 0 0:1 �0:1

0:2 0 0:3 �0:1 �0:1
0:1 0:1 0:1 0 �0:4

3
5

2
66664

Pg1
Pg2
Pg3
Pd1
Pd2

3
77775 =

2
4 1:00

0:50
1:75

3
5 (47)

Four cases of increasing congestion are considered. The �rst case (ns = 0)
ignores congestion constraints. The second case (ns = 1) considers only the
�rst row in the constraint equations 47. The next case (ns = 2) considers two
congested ows (the �rst two rows in equation 47). The last case (ns = 3)
considers all rows.

The following are observations from this case:

� As the number of active congestion constraints increases, the order of the
system dynamics (the number of eigenvalues) decreases.
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Table 4: A three-supplier two-consumer case with increasing degrees of conges-
tion.

Supplier data Consumer data SS solution

ns �g cg bg �d cd bd Pg Pd � Eig.

0 0:1 0:3 1:0 0:20 �0:50 10:0 7:54 13:48 3:26 �1:24
0:3 0:5 2:0 0:25 �0:60 8:0 2:52 7:90 �1:85
0:2 0:2 1:0 11:31 �2:74

�2:44

1 0:1 0:3 1:0 0:20 �0:50 10:0 0:40 8:53 3:43 �1:24
0:3 0:5 2:0 0:25 �0:60 8:0 7:47 11:47 23:07 �2:03
0:2 0:2 1:0 12:13 �2:58

2 0:1 0:3 1:0 0:20 �0:50 10:0 1:89 7:68 6:27 �2:00
0:3 0:5 2:0 0:25 �0:60 8:0 11:52 8:05 14:96 �2:42
0:2 0:2 1:0 2:31 16:01

3 0:1 0:3 1:0 0:20 �0:50 10:0 2:30 7:56 6:49 �2:05
0:3 0:5 2:0 0:25 �0:60 8:0 11:51 8:35 13:51
0:2 0:2 1:0 2:10 16:51

1:18

� Congestion a�ects the number of eigenvalues. However, if the case is stable
without congestion, it remains stable after the onset of congestion.

� Congestion a�ects the operating point signi�cantly.

� Negative values for either Pg or Pd can result. Negative values would indi-
cate that the corresponding output should become �xed at zero, thereby
adding another constraint and reducing the dynamic order of the system
further.

� The operating cost increases as congestion increases.

� Although not illustrated in this example, it is possible for values of the
lagrange multiplier entries in � to change sign. This is an indication that
the corresponding constraint has become superseded (irrelevant) and must
be removed (similar to the familiar Kuhn-Tucker conditions).

9.5 Energy imbalance examples

The next example considers the presence of energy imbalance, along with a
generator-based pricing mechanism to relieve the imbalance. The example is
illustrated in Table 5, and it corresponds to a simple case of one-supplier, one-
consumer, and a simple energy imbalance management system.

The main observations from these results are:
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Table 5: The stability properties associated with energy imbalance for a one
supplier one consumer system.

Supplier data Consumer data Other SS solution

�g cg bg �d cd bd �� k Pg Pd � Eig.

0:2 0:1 2 0:1 �0:2 10 100 0:1 26:67 26:67 4:67 �0:16� 0:68
�0:15
�2:02

0:2 0:1 2 0:1 �0:2 10 10 0:1 26:67 26:67 4:67 +0:17� 1:01
�0:65
�2:19

0:2 0:1 2 0:1 �0:2 10 100 0:01 26:67 26:67 4:67 +0:04� 0:36
�0:56
�2:02

� The market can develop an oscillatory instability when mechanisms to
reduce energy imbalance are put in place. That is, the market will cycle
between conditions of insu�cient power and conditions of excess power,
where the amplitude of the oscillations increases with time.

� The resulting instability can be caused by too rapid a response of the price
correction mechanism intended to maintain system frequency.

� The term k in equation 34 represents a stabilizing corrective price signal.
This signal is required for stability of the market. Without it (i.e., if
k = 0), the market is unstable. The value of k required to stabilize
the market depends on the value of ��, the speed with which prices are
adjusted when an energy imbalance occurs.

� Neither parameter a�ects the steady state market equilibrium point, only
its stability properties.

The implication of all this is that care must be exercised in the design of
markets: the ability of markets to respond too rapidly to power insu�ciencies
or excesses can give rise to instability, as can the case where the market is
designed to be too lax and not required to maintainingadequate balance between
production and consumption at all times.

10 Conclusions

Stable well-behaved markets for electric power require consideration of the dy-
namics of those markets. Ignoring the dynamics of markets for electric power can
result in markets that are economically unstable exhibiting great price volatil-
ity. This, in turn, can lead to energy systems that are less secure with frequent
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outages and emergencies, as security constraints are not properly enforced in
a timely fashion. It can also lead to conditions where monopolistic behavior
becomes possible, even with multiple competing market suppliers. All this can
be avoided by the proper design of the market and its parameters. Tools for
better market design include the introduction of price signals associated with
speci�c ancillary services (frequency regulation and load imbalance services are
the main two considered in this report), the introduction of deliberate time de-
lays in certain actions in the system, and the establishment of e�ective means
for congestion management and prevention.

Since tradability and simplicity of trades are essential for markets to oper-
ate properly, it is suggested that a careful and periodic study of the changing
dynamics of power markets will be a perpetual requirement to assure that in-
consistencies and instabilities do not develop.
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