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The economic dispatch (ED) problem
2

minimize
g

cTg,

subject to g 2 G, g � d 2 P.
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Minimize power procurement costs from controllable grid assets within their 
capabilities to meet the needs of those that are uncontrollable, respecting the 
engineering constraints of the underlying power network. 

Discrete Uncertainty: A collection of 
“what if” component failure scenarios 
to guard against

Continuous Uncertainty: Account for 
large forecast errors in wind and solar 
power output.

Assume linear network constraints

Year MW Lost People Affected
1984 7,901 3,159,559 

1993 7,130 2,142,000

1996 12,500 7,500,000 

2003 57,669 15,300,850 

Hines ‘09

P := {x : Hx  f , T
x = 0}
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…sidesteps difficulties due to 
nonconvexity of power flow equations



Account for Uncertainty via 
Conditional Value at Risk (CVaR)
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CVaR↵(�) := min
z

⇢
z +

1

1� ↵
E [�� z]+

�
.
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For losses with continuous distributions, conditional value at risk with parameter      
measures the expected tail loss in the worst               fraction of the outcomes(1� ↵)
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= 0  ≡ expected value
↑ 1  ≡ worst-case (ess-sup)
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For losses with general distributions, CVaR is characterized by

• Reformulate into a deterministic optimization problem
• Stochastic approximation with data
• Sample average approximation with data

Approaches to solve CVaR-sensitive optimization



Handling Discrete Uncertainty 
due to Security Constraints

4

Alsac and Stott 1974, 
Capitanescu et al. 2007

Add preventive security (P-SCED)

Model corrective actions (C-SCED)
Monticelli, Pereira, and Granville 1987, 
Capitanescu and Wehenkel 2007, 
Liu, Ferris and Zhao 2015

…does not model corrective 
actions or dynamic line rating

…does not model load 
shedding and recourse costs 
(some formulations do)



minimize
g,r,r,�g,�d

c
>
g + c

>
r r + c

>
r r +CVaR↵ [C(�d)] ,

subject to g 2 G,

1> (g � d) = 0,

H (g � d)  f ,

Hk (g � d)  f
DA
k ,

g + �gk 2 G, 1> (�gk + �dk) = 0,

Hk (g + �gk � d+ �dk)  f
SE
k ,

� r  �gk  r,

0  r, r  R,

0  �dk  �,

for k = 1, . . . ,K.
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Risk-Sensitive SCED Formulation 5

On an IEEE 24-bus test system

Risk-Sensitive Security-Constrained Economic 
Dispatch via Critical Region Exploration,
A. N. Madavan, S. Bose, Y. Guo, and L. Tong.
Presented at the IEEE PES General Meeting 2019. 

⇢k,⇢k

<latexit sha1_base64="OwCZqXCAPtXsTO3Uw35Krjh/a28="></latexit>

µDA
k
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µSE
k
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……
……

……

……

…

𝛼 is a tunable parameter for the system operator 
to explore the tradeoff between power 
procurement costs and reliability of power delivery.

Load shed penalized through 
nodal values of lost load
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Pricing Risk-Sensitive SCED 6

Revenue Adequacy: If the rents payable 
to the generators can be covered by the 
rents collected from demand.
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Candidate locational marginal prices:
…………………………based on the nominal dispatch alone

………marginal sensitivity to demand

⇡nom = �1�H
>
µ
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⇡mar = �1�H
>
µ�

KX

k=1

H
>
k

�
µ

DA + µ
SE
�
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Payments for reserve:

Lost Opportunity Costs: Profit with 
dispatch and price prescribed by the 
system operator and the maximum profit 
attainable with the price offered.

KX

k=1

⇢>
k r +

KX

k=1

⇢>
k
r

<latexit sha1_base64="KaCK0tnMELMM/FAlyCI9em93Z+o="></latexit>



The Scalability Challenge
7

minimize
x0,x1,...,xK

⇥
c0
⇤T

x0 + ↵0
KX

k=1

⇥
ck

⇤T
xk,

subject to A0x0  b0,

Akx0 +Ekxk  bk,

for each k = 1, . . . ,K.
<latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit><latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit><latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit><latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit>

On a 2746-bus Polish network

Formulation Variables Constraints

ED 520 7,599

C-SCED 1,706,120 49,827,526

Risk-SCED 10,713,534 67,842,352

“Resulting linear program (LP) is not 
solvable by traditional LP methods due 
to its large size.” Liu, Ferris and Zhao 2015

• Pre-filter contingencies
• Parallelize computation

Rewrite it as a linear program

…exploit the structure of the SCED problem

minimize
g,r,r,�g,�d

c
>
g + c

>
r r + c

>
r r +CVaR↵ [C(�d)] ,

subject to g 2 G,

1> (g � d) = 0,

H (g � d)  f ,

Hk (g � d)  f
DA
k ,

g + �gk 2 G, 1> (�gk + �dk) = 0,

Hk (g + �gk � d+ �dk)  f
SE
k ,

� r  �gk  r,

0  r, r  R,

0  �dk  �,

for k = 1, . . . ,K.

<latexit sha1_base64="K4D9GVKxKOLAG4Uwof9Kgs/tfsA="></latexit>



8

minimize
x0

⇥
c0
⇤T

x0 + ↵0
KX

k=1

Jk
⇤ (x

0),

subject to A0x0  b0,

where Jk
⇤ (x

0) := minimize
xk

⇥
ck

⇤T
xk,

Akx0 +Ekxk  bk.
<latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit><latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit><latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit><latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit>

minimize
x0

⇥
c0
⇤T

x0 + ↵0
KX

k=1

Jk
⇤ (x

0),

subject to A0x0  b0,

where Jk
⇤ (x

0) := minimize
xk

⇥
ck

⇤T
xk,

Akx0 +Ekxk  bk.
<latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit><latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit><latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit><latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit>

minimize
x0

⇥
c0
⇤T

x0 + ↵0
KX

k=1

Jk
⇤ (x

0),

subject to A0x0  b0,

where Jk
⇤ (x

0) := minimize
xk

⇥
ck

⇤T
xk,

Akx0 +Ekxk  bk.
<latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit><latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit><latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit><latexit sha1_base64="ZgWdMrO+XvxJZ0hGmMFcydtZwzc="></latexit>

X0
<latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit>

Multi-parametric linear program, 
linearly parameterized in
Borrelli 2011

minimize
x0,x1,...,xK

⇥
c0
⇤T

x0 + ↵0
KX

k=1

⇥
ck

⇤T
xk,

subject to A0x0  b0,

Akx0 +Ekxk  bk,

for each k = 1, . . . ,K.
<latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit><latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit><latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit><latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit>

This parametric optimal cost is piecewise affine and convex 
in      . Moreover, the pieces over which the cost is affine 
defines a polyhedral partition of     .
x0

<latexit sha1_base64="LitvIp72PFIULFbIjpIID6ykX7E=">AAACLnicZVDLSgMxFM34rPXV6tJNsAguSpmRii6LbtwIFewD2lKSNGODyWRI7ohl6G+41U/wawQX4tbPMDMtqPVCuIdzXyeHxlJY8P13b2l5ZXVtvbBR3Nza3tktlffaVieG8RbTUpsuJZZLEfEWCJC8GxtOFJW8Q+8vs3rngRsrdHQLk5gPFLmLRCgYAUf1+4rAmIbp43ToD0sVv+bngf+DYA4qaB7NYdnb6o80SxSPgElibS/wYxikxIBgkk+L/cTymLB7csd7DkZEcTtIc9FTfOSYEQ61cS8CnLPF3yMpUTaTV3XZThTNctZqqxlrbDgDoLW01VFe+qlQVaVUuSv42lH5Cbu4HMZqQSOE54NURHECPGIziWEiMWiceYdHwnAGcuIAYUa4X2I2JoYwcA4XnX/Bolv/QfukFtRrpzf1SuNi7mQBHaBDdIwCdIYa6Ao1UQsxFKMn9IxevFfvzfvwPmetS958Zh/9Ce/rG7/mqDc=</latexit>

X0
<latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit>

Problem Structure of 
Risk-Sensitive SCED

minimize
x0,x1,...,xK

⇥
c0
⇤T

x0 + ↵0
KX

k=1

⇥
ck

⇤T
xk,

subject to A0x0  b0,

Akx0 +Ekxk  bk,

for each k = 1, . . . ,K.
<latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit><latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit><latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit><latexit sha1_base64="J2BEbnorkesK7ks+kYvEMAI5ep0="></latexit>

…critical region



Algorithms for Solving 
Risk-Sensitive SCED

9

↵ = 0 ↵ = 0.9
Case Name Gurobi Benders’ Gurobi Benders’

case3_lmbd 0.0016 0.0092 0.0006 0.0010
case3_lmbd__api 0.0007 0.0008 0.0005 0.0016
case3_lmbd__sad 0.0009 0.0013 0.0007 0.0010
case5_pjm 0.0023 0.0024 0.0021 0.0024
case5_pjm__api 0.0021 0.0022 0.0022 0.0029
case5_pjm__sad 0.0022 0.0034 0.0023 0.0020
case14_ieee 0.0078 0.0122 0.0078 0.0083
case14_ieee__api 0.0080 0.0091 0.0085 0.0087
case14_ieee__sad 0.0073 0.0082 0.0073 0.0081
case24_ieee_rts 0.2078 0.0473 0.1935 0.0445
case24_ieee_rts__api 0.2527 0.0990 0.2445 0.0986
case24_ieee_rts__sad 0.1931 0.0456 0.1909 0.0484
case30_as 0.0755 0.0407 0.0742 0.0422
case30_ieee 0.0465 0.0381 0.0526 0.0393
case30_as__api 0.0913 0.0641 0.0894 0.7291
case30_ieee__api 0.0489 0.0442 0.0487 0.0443
case30_as__sad 0.0697 0.0387 0.0687 0.0358
case30_ieee__sad 0.0407 0.0399 0.0419 0.0400
case39_epri 0.1436 0.0658 0.1341 0.0611
case39_epri__api 0.1586 0.0806 0.1586 0.0870
case39_epri__sad 0.1263 0.0607 0.1266 0.0619
case57_ieee 0.3670 0.2721 0.3643 0.2631
case57_ieee__api 0.3904 0.2048 0.3827 0.2124
case57_ieee__sad 0.3700 0.2610 0.3753 0.2609
case73_ieee_rts 6.3827 1.8741 7.2492 1.2606
case73_ieee_rts__api 10.4875 2.0926 13.5974 2.4620
case73_ieee_rts__sad 6.8249 1.2365 6.5114 1.2421
case118_ieee 17.0832 4.7362 15.7959 4.8882
case118_ieee__api 17.0718 5.0415 17.2200 4.9935
case118_ieee__sad 14.7307 3.7659 14.7360 3.7275
case200_activ 17.4605 4.7793 18.4642 4.5208
case200_activ__api 28.8419 9.7479 28.5164 9.3644
case200_activ__sad 17.1610 4.7703 16.7447 4.3801
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Critical Region Exploration (CRE)

Benders’ decomposition



The CRE Algorithm

10

Optimize over a critical region, 
check for optimality, systematically 

move to a neighboring critical 
region, and keep exploring till 

optimality can be certified.

X0
<latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit>

Critical 
region 1

Critical 
region 2

Critical regions induced by

X0
<latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit>

J1
⇤

<latexit sha1_base64="sEGWKODRZg+3k/1YC6ot7q5yR8E=">AAACJ3icZVDLSgMxFM3UV61VW126CRZBpJQZqeiy6EYEoYJ9QFtLJs20oclkSO4IpfQb3Oon+DXuRJf+iZlpQa0Xwj2c+zo5fiS4Adf9dDIrq2vrG9nN3FZ+e2e3UNxrGhVryhpUCaXbPjFM8JA1gINg7UgzIn3BWv74Kqm3Hpk2XIX3MIlYT5JhyANOCViqcfPg9U/6hZJbcdPA/4G3ACW0iHq/6OS7A0VjyUKgghjT8dwIelOigVPBZrlubFhE6JgMWcfCkEhmetNU7QwfWWaAA6XtCwGnbO73yJRIIwmMyjabifSTnLSacsJqE8wBKCVMeZCWfiq+LPu+tFfwraXSE2Z5OYzkkkYILnpTHkYxsJDOJQaxwKBwYhoecM0oiIkFhGpuf4npiGhCwVqbs/55y279B83TiletnN1VS7XLhZNZdIAO0THy0DmqoWtURw1EEUdP6Bm9OK/Om/PufMxbM85iZh/9CefrG6tipIY=</latexit>

Critical 
region 1

Critical 
region 2

Critical regions induced by

X0
<latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit><latexit sha1_base64="kddOCCZ29IBUJi6L9u9sVz6+nbU=">AAAB/nicZVDLSgMxFM34rOOr6tJNsBRcDGVGBF0W3bisYGvBjpKkaRtMJmNyRyjDgH/hVjfuxK2/IvgxZuosfBwI93CSwz05NJXCQhh+eHPzC4tLy7UVf3VtfWOzvrXdszozjHeZltr0KbFcioR3QYDk/dRwoqjkl/T2tLy/vOfGCp1cwDTlsSLjRIwEI+CkeKAITCjN+8V1iG/qjbAVzoD/k6giDVShc1P/HAw1yxRPgEli7VUUphDnxIBgkhd+c5BZnhJ2S8b8ytGEKG7jfJa6wE2nDPFIG3cSwDPV/+HIibIwUQF2s4wZuGmnipazdNgAlzJoLW1AVUCpKnz/10oYHce5SNIMeMK+N44yiUHjsgs8FIYzkFNHCDPCpcZsQgxh4BrzXR3R38//J72DVhS1ovPDRvukKqaGdtEe2kcROkJtdIY6qIsYukOP6Ak9ew/ei/fqvX0/nfMqzw76Be/9C5zzlQ0=</latexit>

J2
⇤

<latexit sha1_base64="rpet6FALU3tb1TTEh4yd1euZ+ws=">AAACJ3icZVDLSgMxFM3UV63P6tJNsAgipcwURZdFNyIICo4K7VgyacaGJpMhuSOU0m9wq5/g17gTXfonZqYDansh3MO5r5MTJoIbcN0vpzQ3v7C4VF6urKyurW9sVrdujUo1ZT5VQun7kBgmeMx84CDYfaIZkaFgd+HgLKvfPTFtuIpvYJiwQJLHmEecErCUf/HQ7B50N2tuw80DzwKvADVUxFW36qx2eoqmksVABTGm7bkJBCOigVPBxpVOalhC6IA8sraFMZHMBKNc7RjvWaaHI6XtiwHnbOXvyIhIIwn06zaboQyznLWaesZqE00AKCVMvZeXfiuhrIehtFfwpaXyE2Z6OfTllEaIToIRj5MUWEwnEqNUYFA4Mw33uGYUxNACQjW3v8S0TzShYK2tWP+8abdmwW2z4R02jq4Pa63Twsky2kG7aB956Bi10Dm6Qj6iiKNn9IJenTfn3flwPietJaeY2Ub/wvn+Aa0jpIc=</latexit>

Critical regions induced by 
the aggregate cost.

\

<latexit sha1_base64="Y0aUsFwLcq3UfQFt0QKkEXGKxFc=">AAACKXicZVDLSgMxFM3UVx3ro7p0EyyCi1JmRNGl6MaNUMG2gh1Kkmba0GQyJHeEUvwIt/oJfo07deuPmJkW1PZCuIdzXyeHplJYCIJPr7S0vLK6Vl73NyqbW9s71d221ZlhvMW01OaeEsulSHgLBEh+nxpOFJW8Q0dXeb3zyI0VOrmDccojRQaJiAUj4KhOl4oBI2lvpxY0giLwIghnoIZm0exVvUq3r1mmeAJMEmsfwiCFaEIMCCb5k9/NLE8JG5EBf3AwIYrbaFLofcKHjunjWBv3EsAF6/8dmRBlFYFh3WU7VjTPeaut56yx8RSA1tLW+0Xpt0JVnVLlruAbRxUn7PxyGKo5jRCfRxORpBnwhE0lxpnEoHFuG+4LwxnIsQOEGeF+idmQGMLAmes7/8J5txZB+7gRnjROb09qF5czJ8toHx2gIxSiM3SBrlETtRBDI/SMXtCr9+a9ex/e17S15M1m9tC/8L5/AGGOpfo=</latexit>

=

<latexit sha1_base64="5tn7zePMUJZ/JQk/0aoQtbxDdsE=">AAACI3icZVDLSgMxFM3UV61VW126CRbBRSkzUtGNUHTjRmjBPqAtJZNm2tBkMiR3hFL6BW71E/wad+LGhf9iZlpQ2wvhHs59nRw/EtyA6345mY3Nre2d7G5uL79/cFgoHrWMijVlTaqE0h2fGCZ4yJrAQbBOpBmRvmBtf3KX1NtPTBuuwkeYRqwvySjkAacELNW4GRRKbsVNA68DbwlKaBn1QdHJ94aKxpKFQAUxpuu5EfRnRAOngs1zvdiwiNAJGbGuhSGRzPRnqdI5PrPMEAdK2xcCTtnc35EZkUYSGJdtNlPpJzlpNeWE1SZYAFBKmPIwLf1WfFn2fWmv4AdLpSfM6nIYyxWNEFz3ZzyMYmAhXUgMYoFB4cQwPOSaURBTCwjV3P4S0zHRhIK1NWf981bdWgeti4pXrVw2qqXa7dLJLDpBp+gceegK1dA9qqMmooihZ/SCXp035935cD4XrRlnOXOM/oXz/QMUHqM5</latexit>



Theorem: The CRE algorithm converges to 
an optimal solution of the risk-sensitive 
SCED problem in finitely many iterations.
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On Robust Tie-line Scheduling in Multi-Area Power Systems, Y. Guo, S. Bose, and L. Tong. 
IEEE Transactions on Power Systems, vol. 33, no. 4, pp. 4144-4154, 2018.

Critical Region Exploration

Benders’ decomposition



minimize
g

cTg,

subject to g 2 G, g � d 2 P.
<latexit sha1_base64="zGcilb08d0PZj83EXV2i8ly8e9o=">AAACznicbVFNj9MwEHXC1xK+Chy5jKhYIQRV0gvLbSUOcODQlbbsSnWpHGeaNes4wXaAYiyu/D5u/AF+B04bsR9lLEsvM+9Nxm/yRgpj0/R3FF+5eu36jZ2bya3bd+7eG9x/8N7UreY45bWs9XHODEqhcGqFlXjcaGRVLvEoP33d1Y8+ozaiVod21eC8YqUSS8GZDanF4A/NsRTKMSlKxewz78Y+oZ9aVsAu0FYVQYvW0YrZk3 zpSu8dtfjVukooUYlv6D3Q/ux2kp7I/YdDOFM9B0ohAVizYNPBtPlH5BZs7WFLX4a2QvWfuXvTdThffAH/Zir8Re7EjxKKqjh7U5IsBsN0lK4DtkHWgyHpY7IY/KJFzdsKleWSGTPL0sbOHdNWcInBotZgw/gpK3EWoGIVmrlb78PDk5ApYFnrcJWFdfa8wrHKmFWVB2Y3s7lc65L/q81au9ybO6Ga1qLimx8tWxkshG65UAgdHJWrABjXIswK/IRpxm1YY2dCdvnJ22A6Hr0aZQfj4f5e78YOeUQek6ckIy/JPnlLJmRKePQu0pGLvscH8ZfYxz821DjqNQ/JhYh//gX0+t1x</latexit><latexit sha1_base64="zGcilb08d0PZj83EXV2i8ly8e9o=">AAACznicbVFNj9MwEHXC1xK+Chy5jKhYIQRV0gvLbSUOcODQlbbsSnWpHGeaNes4wXaAYiyu/D5u/AF+B04bsR9lLEsvM+9Nxm/yRgpj0/R3FF+5eu36jZ2bya3bd+7eG9x/8N7UreY45bWs9XHODEqhcGqFlXjcaGRVLvEoP33d1Y8+ozaiVod21eC8YqUSS8GZDanF4A/NsRTKMSlKxewz78Y+oZ9aVsAu0FYVQYvW0YrZk3 zpSu8dtfjVukooUYlv6D3Q/ux2kp7I/YdDOFM9B0ohAVizYNPBtPlH5BZs7WFLX4a2QvWfuXvTdThffAH/Zir8Re7EjxKKqjh7U5IsBsN0lK4DtkHWgyHpY7IY/KJFzdsKleWSGTPL0sbOHdNWcInBotZgw/gpK3EWoGIVmrlb78PDk5ApYFnrcJWFdfa8wrHKmFWVB2Y3s7lc65L/q81au9ybO6Ga1qLimx8tWxkshG65UAgdHJWrABjXIswK/IRpxm1YY2dCdvnJ22A6Hr0aZQfj4f5e78YOeUQek6ckIy/JPnlLJmRKePQu0pGLvscH8ZfYxz821DjqNQ/JhYh//gX0+t1x</latexit><latexit sha1_base64="zGcilb08d0PZj83EXV2i8ly8e9o=">AAACznicbVFNj9MwEHXC1xK+Chy5jKhYIQRV0gvLbSUOcODQlbbsSnWpHGeaNes4wXaAYiyu/D5u/AF+B04bsR9lLEsvM+9Nxm/yRgpj0/R3FF+5eu36jZ2bya3bd+7eG9x/8N7UreY45bWs9XHODEqhcGqFlXjcaGRVLvEoP33d1Y8+ozaiVod21eC8YqUSS8GZDanF4A/NsRTKMSlKxewz78Y+oZ9aVsAu0FYVQYvW0YrZk3 zpSu8dtfjVukooUYlv6D3Q/ux2kp7I/YdDOFM9B0ohAVizYNPBtPlH5BZs7WFLX4a2QvWfuXvTdThffAH/Zir8Re7EjxKKqjh7U5IsBsN0lK4DtkHWgyHpY7IY/KJFzdsKleWSGTPL0sbOHdNWcInBotZgw/gpK3EWoGIVmrlb78PDk5ApYFnrcJWFdfa8wrHKmFWVB2Y3s7lc65L/q81au9ybO6Ga1qLimx8tWxkshG65UAgdHJWrABjXIswK/IRpxm1YY2dCdvnJ22A6Hr0aZQfj4f5e78YOeUQek6ckIy/JPnlLJmRKePQu0pGLvscH8ZfYxz821DjqNQ/JhYh//gX0+t1x</latexit><latexit sha1_base64="zGcilb08d0PZj83EXV2i8ly8e9o=">AAACznicbVFNj9MwEHXC1xK+Chy5jKhYIQRV0gvLbSUOcODQlbbsSnWpHGeaNes4wXaAYiyu/D5u/AF+B04bsR9lLEsvM+9Nxm/yRgpj0/R3FF+5eu36jZ2bya3bd+7eG9x/8N7UreY45bWs9XHODEqhcGqFlXjcaGRVLvEoP33d1Y8+ozaiVod21eC8YqUSS8GZDanF4A/NsRTKMSlKxewz78Y+oZ9aVsAu0FYVQYvW0YrZk3 zpSu8dtfjVukooUYlv6D3Q/ux2kp7I/YdDOFM9B0ohAVizYNPBtPlH5BZs7WFLX4a2QvWfuXvTdThffAH/Zir8Re7EjxKKqjh7U5IsBsN0lK4DtkHWgyHpY7IY/KJFzdsKleWSGTPL0sbOHdNWcInBotZgw/gpK3EWoGIVmrlb78PDk5ApYFnrcJWFdfa8wrHKmFWVB2Y3s7lc65L/q81au9ybO6Ga1qLimx8tWxkshG65UAgdHJWrABjXIswK/IRpxm1YY2dCdvnJ22A6Hr0aZQfj4f5e78YOeUQek6ckIy/JPnlLJmRKePQu0pGLvscH8ZfYxz821DjqNQ/JhYh//gX0+t1x</latexit>

Risk-Sensitive Economic Dispatch 
with Uncertain Wind
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! 2 ⌦
<latexit sha1_base64="B9NqplLnV9l3T/h2uPyjnVUd1zo=">AAACDnicZVDLSgMxFM34dnxVXXYTLIKLocyIoMuiG3cqWBWcUpI0bYN5DMkdoQxd+Af+hVvduBO3/oLgx5iZduHjQLjnnuRwcw/NpHAQx5/BzOzc/MLi0nK4srq2vlHb3LpyJreMt5mRxt5Q4rgUmrdBgOQ3meVEUcmv6d1JeX99z60TRl/CKOMdRQZa9AUj4KVurZ5SVaRG8QEZ41RoXPVnVd+tNeJmXAH/J8mUNNAU593aV9ozLFdcA5PEudskzqBTEAuCST4Od9Pc8YywOzLgt55qorjrFNUWY7zrlR7uG+uPBlyp4Q9HQZSDoYqwr4rAMPLVjRQta+lwES5lMEa6iKqIUjUOw18joX/UKYTOcuCaTSb2c4nB4DIb3BOWM5AjTwizwv8asyGxhIFPMPRxJH+X/0+u9ptJ0kwuDhqt42kwS6iOdtAeStAhaqFTdI7aiKEH9ISe0UvwGLwGb8H75OlMMPVso18IPr4BPdabZQ==</latexit><latexit sha1_base64="B9NqplLnV9l3T/h2uPyjnVUd1zo=">AAACDnicZVDLSgMxFM34dnxVXXYTLIKLocyIoMuiG3cqWBWcUpI0bYN5DMkdoQxd+Af+hVvduBO3/oLgx5iZduHjQLjnnuRwcw/NpHAQx5/BzOzc/MLi0nK4srq2vlHb3LpyJreMt5mRxt5Q4rgUmrdBgOQ3meVEUcmv6d1JeX99z60TRl/CKOMdRQZa9AUj4KVurZ5SVaRG8QEZ41RoXPVnVd+tNeJmXAH/J8mUNNAU593aV9ozLFdcA5PEudskzqBTEAuCST4Od9Pc8YywOzLgt55qorjrFNUWY7zrlR7uG+uPBlyp4Q9HQZSDoYqwr4rAMPLVjRQta+lwES5lMEa6iKqIUjUOw18joX/UKYTOcuCaTSb2c4nB4DIb3BOWM5AjTwizwv8asyGxhIFPMPRxJH+X/0+u9ptJ0kwuDhqt42kwS6iOdtAeStAhaqFTdI7aiKEH9ISe0UvwGLwGb8H75OlMMPVso18IPr4BPdabZQ==</latexit><latexit sha1_base64="B9NqplLnV9l3T/h2uPyjnVUd1zo=">AAACDnicZVDLSgMxFM34dnxVXXYTLIKLocyIoMuiG3cqWBWcUpI0bYN5DMkdoQxd+Af+hVvduBO3/oLgx5iZduHjQLjnnuRwcw/NpHAQx5/BzOzc/MLi0nK4srq2vlHb3LpyJreMt5mRxt5Q4rgUmrdBgOQ3meVEUcmv6d1JeX99z60TRl/CKOMdRQZa9AUj4KVurZ5SVaRG8QEZ41RoXPVnVd+tNeJmXAH/J8mUNNAU593aV9ozLFdcA5PEudskzqBTEAuCST4Od9Pc8YywOzLgt55qorjrFNUWY7zrlR7uG+uPBlyp4Q9HQZSDoYqwr4rAMPLVjRQta+lwES5lMEa6iKqIUjUOw18joX/UKYTOcuCaTSb2c4nB4DIb3BOWM5AjTwizwv8asyGxhIFPMPRxJH+X/0+u9ptJ0kwuDhqt42kwS6iOdtAeStAhaqFTdI7aiKEH9ISe0UvwGLwGb8H75OlMMPVso18IPr4BPdabZQ==</latexit><latexit sha1_base64="B9NqplLnV9l3T/h2uPyjnVUd1zo=">AAACDnicZVDLSgMxFM34dnxVXXYTLIKLocyIoMuiG3cqWBWcUpI0bYN5DMkdoQxd+Af+hVvduBO3/oLgx5iZduHjQLjnnuRwcw/NpHAQx5/BzOzc/MLi0nK4srq2vlHb3LpyJreMt5mRxt5Q4rgUmrdBgOQ3meVEUcmv6d1JeX99z60TRl/CKOMdRQZa9AUj4KVurZ5SVaRG8QEZ41RoXPVnVd+tNeJmXAH/J8mUNNAU593aV9ozLFdcA5PEudskzqBTEAuCST4Od9Pc8YywOzLgt55qorjrFNUWY7zrlR7uG+uPBlyp4Q9HQZSDoYqwr4rAMPLVjRQta+lwES5lMEa6iKqIUjUOw18joX/UKYTOcuCaTSb2c4nB4DIb3BOWM5AjTwizwv8asyGxhIFPMPRxJH+X/0+u9ptJ0kwuDhqt42kwS6iOdtAeStAhaqFTdI7aiKEH9ISe0UvwGLwGb8H75OlMMPVso18IPr4BPdabZQ==</latexit>

Regulation via affine feedback

[G,G]
<latexit sha1_base64="bhXu0iDQUiOHDxybF1uLeYBwQaM=">AAACGXicbVDLSsNAFJ3UV42vqEs3g6XgQmoigi6LLnRZwT4gCWUymbRDJ5MwMymU0M9w5ae4EhTEbVf+jZM2C209MHA45x7m3hOkjEpl299GZW19Y3Orum3u7O7tH1iHRx2ZZAKTNk5YInoBkoRRTtqKKkZ6qSAoDhjpBqO7wu+OiZA04U9qkhI/RgNOI4qR0lLfunC9jIdEFPnci5EaBlF+P52eQy8Zr8p+36rZDXsOuEqcktRAiVbfmnlhgrOYcIUZktJ17FT5ORKKYkamZt3LJEkRHqEBcTXlKCbSz+eXTWFdKyGMEqEfV3Cumr8SOYqlnMSBniyWlMteIf7nuZmKbvyc8jRThOPFR1HGoEpgURMMqSBYsYkmCAuql4V4iATCSpdp6hac5ZtXSeey4TgN5/Gq1rwt+6iCE3AKzoADrkETPIAWaAMMnsEreAcfxovxZnwaX4vRilFmjsEfGLMfNXGhnQ==</latexit><latexit sha1_base64="bhXu0iDQUiOHDxybF1uLeYBwQaM=">AAACGXicbVDLSsNAFJ3UV42vqEs3g6XgQmoigi6LLnRZwT4gCWUymbRDJ5MwMymU0M9w5ae4EhTEbVf+jZM2C209MHA45x7m3hOkjEpl299GZW19Y3Orum3u7O7tH1iHRx2ZZAKTNk5YInoBkoRRTtqKKkZ6qSAoDhjpBqO7wu+OiZA04U9qkhI/RgNOI4qR0lLfunC9jIdEFPnci5EaBlF+P52eQy8Zr8p+36rZDXsOuEqcktRAiVbfmnlhgrOYcIUZktJ17FT5ORKKYkamZt3LJEkRHqEBcTXlKCbSz+eXTWFdKyGMEqEfV3Cumr8SOYqlnMSBniyWlMteIf7nuZmKbvyc8jRThOPFR1HGoEpgURMMqSBYsYkmCAuql4V4iATCSpdp6hac5ZtXSeey4TgN5/Gq1rwt+6iCE3AKzoADrkETPIAWaAMMnsEreAcfxovxZnwaX4vRilFmjsEfGLMfNXGhnQ==</latexit><latexit sha1_base64="bhXu0iDQUiOHDxybF1uLeYBwQaM=">AAACGXicbVDLSsNAFJ3UV42vqEs3g6XgQmoigi6LLnRZwT4gCWUymbRDJ5MwMymU0M9w5ae4EhTEbVf+jZM2C209MHA45x7m3hOkjEpl299GZW19Y3Orum3u7O7tH1iHRx2ZZAKTNk5YInoBkoRRTtqKKkZ6qSAoDhjpBqO7wu+OiZA04U9qkhI/RgNOI4qR0lLfunC9jIdEFPnci5EaBlF+P52eQy8Zr8p+36rZDXsOuEqcktRAiVbfmnlhgrOYcIUZktJ17FT5ORKKYkamZt3LJEkRHqEBcTXlKCbSz+eXTWFdKyGMEqEfV3Cumr8SOYqlnMSBniyWlMteIf7nuZmKbvyc8jRThOPFR1HGoEpgURMMqSBYsYkmCAuql4V4iATCSpdp6hac5ZtXSeey4TgN5/Gq1rwt+6iCE3AKzoADrkETPIAWaAMMnsEreAcfxovxZnwaX4vRilFmjsEfGLMfNXGhnQ==</latexit><latexit sha1_base64="bhXu0iDQUiOHDxybF1uLeYBwQaM=">AAACGXicbVDLSsNAFJ3UV42vqEs3g6XgQmoigi6LLnRZwT4gCWUymbRDJ5MwMymU0M9w5ae4EhTEbVf+jZM2C209MHA45x7m3hOkjEpl299GZW19Y3Orum3u7O7tH1iHRx2ZZAKTNk5YInoBkoRRTtqKKkZ6qSAoDhjpBqO7wu+OiZA04U9qkhI/RgNOI4qR0lLfunC9jIdEFPnci5EaBlF+P52eQy8Zr8p+36rZDXsOuEqcktRAiVbfmnlhgrOYcIUZktJ17FT5ORKKYkamZt3LJEkRHqEBcTXlKCbSz+eXTWFdKyGMEqEfV3Cumr8SOYqlnMSBniyWlMteIf7nuZmKbvyc8jRThOPFR1HGoEpgURMMqSBYsYkmCAuql4V4iATCSpdp6hac5ZtXSeey4TgN5/Gq1rwt+6iCE3AKzoADrkETPIAWaAMMnsEreAcfxovxZnwaX4vRilFmjsEfGLMfNXGhnQ==</latexit>

A box set

A CVaR-penalized 
CVaR-constrained 
formulation

<latexit sha1_base64="7eD4cjphT5tfl2wrxbfGMk0ked0="></latexit>

g �G(! � E[!])

Net demand (without wind 
spillage)

<latexit sha1_base64="6ThjEGWLKvHjcM3EeEDj/CR3QSY="></latexit>

d� !

<latexit sha1_base64="EozOS77bGolmbZpNhDwxxIFg/pI="></latexit>

minimize
g,G

CVaR↵

⇥
c
T (g �G�!)

⇤
,

subject to 1T (g �G�! � d+ !) = 0 a.s.,

CVaR�F [H (g �G�! � d+ !)]  f ,

CVaR�G [g �G�!]  G,

CVaR�G [�g +G�!]  �G.

<latexit sha1_base64="T5KaPqCjnHxDgjwOSL/2sLjzTs8="></latexit>

:= �!

Risk-Sensitive Energy Procurement with Uncertain Wind, A. N. Madavan, and S. Bose. 
Proceedings of the IEEE GlobalSIP 2019.

Summers et al. 2015



CVaR-Aware Optimization
13

PCVaR
<latexit sha1_base64="BepwuRp52eDtNxXeqqptkxLkPsw="></latexit><latexit sha1_base64="BepwuRp52eDtNxXeqqptkxLkPsw="></latexit><latexit sha1_base64="BepwuRp52eDtNxXeqqptkxLkPsw="></latexit><latexit sha1_base64="BepwuRp52eDtNxXeqqptkxLkPsw="></latexit>

minimize
x

CVaR↵ [F!(x)] ,

subject to CVaR�i

⇥
Gi

!(x)
⇤
 0, i = 1, . . . , I.

<latexit sha1_base64="3KG4qT3m9zuXGNwdf8LPKYRWrJQ="></latexit><latexit sha1_base64="3KG4qT3m9zuXGNwdf8LPKYRWrJQ="></latexit><latexit sha1_base64="3KG4qT3m9zuXGNwdf8LPKYRWrJQ="></latexit><latexit sha1_base64="3KG4qT3m9zuXGNwdf8LPKYRWrJQ="></latexit>

PCVaR :
<latexit sha1_base64="T7ImBUWvPAecxkKgXq6qRAsKM+U="></latexit><latexit sha1_base64="T7ImBUWvPAecxkKgXq6qRAsKM+U="></latexit><latexit sha1_base64="T7ImBUWvPAecxkKgXq6qRAsKM+U="></latexit><latexit sha1_base64="T7ImBUWvPAecxkKgXq6qRAsKM+U="></latexit>

expresses the modeler’s tolerance to large uncertain costs

expresses the modeler’s tolerance to the 
extent of constraint violation 

↵

�
<latexit sha1_base64="iI5bYvY0B7OG9eC6ckoQGebbaN4=">AAACB3icZVDLSgMxFM34dnzVx85NsAguhjIjgi5FNy4rWBWcUm7S1AaTyZDcEerQD/Av3OrGnbj1MwQ/xkzbhY8D4RxOcrg3h+VKOozjz2BqemZ2bn5hMVxaXlldq61vXDpTWC5a3Chjrxk4oWQmWihRievcCtBMiSt2d1rdX90L66TJLnCQi7aG20z2JAf0Vqe2lYLK+0DTNEyZLlMmEIadWj1uxCPQ/yKZiDqZoNmpfaVdwwstMuQKnLtJ4hzbJViUXIlhuJsWTuTA7+BW3HiZgRauXY7WH9Jd73Rpz1h/MqQjN/yRKEE77OuIetaA/cizG2hWcZVwEa1sNEa5iOmIMT0Mw18jsXfULmWWFygyPp7YKxRFQ6tSaFdawVENvABupd+a8j5Y4OirC30dyd/P/xeX+40kaSTnB/Xjk0kxC2Sb7JA9kpBDckzOSJO0CCcP5Ik8k5fgMXgN3oL38dOpYJLZJL8QfHwDRR2YGw==</latexit><latexit sha1_base64="iI5bYvY0B7OG9eC6ckoQGebbaN4=">AAACB3icZVDLSgMxFM34dnzVx85NsAguhjIjgi5FNy4rWBWcUm7S1AaTyZDcEerQD/Av3OrGnbj1MwQ/xkzbhY8D4RxOcrg3h+VKOozjz2BqemZ2bn5hMVxaXlldq61vXDpTWC5a3Chjrxk4oWQmWihRievcCtBMiSt2d1rdX90L66TJLnCQi7aG20z2JAf0Vqe2lYLK+0DTNEyZLlMmEIadWj1uxCPQ/yKZiDqZoNmpfaVdwwstMuQKnLtJ4hzbJViUXIlhuJsWTuTA7+BW3HiZgRauXY7WH9Jd73Rpz1h/MqQjN/yRKEE77OuIetaA/cizG2hWcZVwEa1sNEa5iOmIMT0Mw18jsXfULmWWFygyPp7YKxRFQ6tSaFdawVENvABupd+a8j5Y4OirC30dyd/P/xeX+40kaSTnB/Xjk0kxC2Sb7JA9kpBDckzOSJO0CCcP5Ik8k5fgMXgN3oL38dOpYJLZJL8QfHwDRR2YGw==</latexit><latexit sha1_base64="iI5bYvY0B7OG9eC6ckoQGebbaN4=">AAACB3icZVDLSgMxFM34dnzVx85NsAguhjIjgi5FNy4rWBWcUm7S1AaTyZDcEerQD/Av3OrGnbj1MwQ/xkzbhY8D4RxOcrg3h+VKOozjz2BqemZ2bn5hMVxaXlldq61vXDpTWC5a3Chjrxk4oWQmWihRievcCtBMiSt2d1rdX90L66TJLnCQi7aG20z2JAf0Vqe2lYLK+0DTNEyZLlMmEIadWj1uxCPQ/yKZiDqZoNmpfaVdwwstMuQKnLtJ4hzbJViUXIlhuJsWTuTA7+BW3HiZgRauXY7WH9Jd73Rpz1h/MqQjN/yRKEE77OuIetaA/cizG2hWcZVwEa1sNEa5iOmIMT0Mw18jsXfULmWWFygyPp7YKxRFQ6tSaFdawVENvABupd+a8j5Y4OirC30dyd/P/xeX+40kaSTnB/Xjk0kxC2Sb7JA9kpBDckzOSJO0CCcP5Ik8k5fgMXgN3oL38dOpYJLZJL8QfHwDRR2YGw==</latexit><latexit sha1_base64="iI5bYvY0B7OG9eC6ckoQGebbaN4=">AAACB3icZVDLSgMxFM34dnzVx85NsAguhjIjgi5FNy4rWBWcUm7S1AaTyZDcEerQD/Av3OrGnbj1MwQ/xkzbhY8D4RxOcrg3h+VKOozjz2BqemZ2bn5hMVxaXlldq61vXDpTWC5a3Chjrxk4oWQmWihRievcCtBMiSt2d1rdX90L66TJLnCQi7aG20z2JAf0Vqe2lYLK+0DTNEyZLlMmEIadWj1uxCPQ/yKZiDqZoNmpfaVdwwstMuQKnLtJ4hzbJViUXIlhuJsWTuTA7+BW3HiZgRauXY7WH9Jd73Rpz1h/MqQjN/yRKEE77OuIetaA/cizG2hWcZVwEa1sNEa5iOmIMT0Mw18jsXfULmWWFygyPp7YKxRFQ6tSaFdawVENvABupd+a8j5Y4OirC30dyd/P/xeX+40kaSTnB/Xjk0kxC2Sb7JA9kpBDckzOSJO0CCcP5Ik8k5fgMXgN3oL38dOpYJLZJL8QfHwDRR2YGw==</latexit>

…varies between average to robust and encompasses a 
wide variety of optimization problems under uncertainty

� = (�1, . . . ,�I)
<latexit sha1_base64="Qnn1u/UmweT1usuzUIeZy7wXHF0="></latexit><latexit sha1_base64="Qnn1u/UmweT1usuzUIeZy7wXHF0="></latexit><latexit sha1_base64="Qnn1u/UmweT1usuzUIeZy7wXHF0="></latexit><latexit sha1_base64="Qnn1u/UmweT1usuzUIeZy7wXHF0="></latexit>

Relation to chance constraints
CVaR1�"[G

i
!(x)]  0 =) P{Gi

!(x)  0} � 1� "
<latexit sha1_base64="9n6FZTaqxRzVUu46RmSHmfNqANY="></latexit><latexit sha1_base64="9n6FZTaqxRzVUu46RmSHmfNqANY="></latexit><latexit sha1_base64="9n6FZTaqxRzVUu46RmSHmfNqANY="></latexit><latexit sha1_base64="9n6FZTaqxRzVUu46RmSHmfNqANY="></latexit>

…CVaR-based constraint enforcement defines a 
convex inner approximation of a chance constraint



Primal-Dual Stochastic Approximation 
to Solve

14

minimize
x

E [F!(x)] ,

subject to E
⇥
Gi

!(x)
⇤
 0, i = 1, . . . , I.

<latexit sha1_base64="yZhFX/lfcMTVdNZ/6GSTFrdYfqc="></latexit><latexit sha1_base64="yZhFX/lfcMTVdNZ/6GSTFrdYfqc="></latexit><latexit sha1_base64="yZhFX/lfcMTVdNZ/6GSTFrdYfqc="></latexit><latexit sha1_base64="yZhFX/lfcMTVdNZ/6GSTFrdYfqc="></latexit>

PE :
<latexit sha1_base64="DMm6dfL8tRArwhifpjrCMtMKGk0=">AAACDHicZVDLSgMxFM34dnyNuhI3wVJwMZQZERRXRRFcVrBVaEtJ0tQGk8mQ3BHKMPgH/oVb3bgTt/6D4MeYqV1YPRDuyUkO995DUyksRNGnNzM7N7+wuLTsr6yurW8Em1stqzPDeJNpqc0NJZZLkfAmCJD8JjWcKCr5Nb07K9+v77mxQidXMEp5V5HbRAwEI+CkXrDTUQSGjMi8UfTy8YXS/LwoTnpBJapFY+D/JJ6QCpqg0Qu+On3NMsUTYJJY246jFLo5MSCY5IVf7WSWp4TdkVvedjQhittuPt6hwFWn9PFAG3cSwGPV/+XIibIwVCF2tZwydNWOFC1r6bAhLmXQWtqQqpBSVfj+VEsYHHdzkaQZ8IT9dBxkEoPGZTK4LwxnIEeOEGaEmxqzITGEgcvPd3HEf5f/T1oHtTiuxZeHlfrpJJgltIv20D6K0RGqowvUQE3E0AN6Qs/oxXv0Xr037/3n64w38WyjKXgf326QmwQ=</latexit><latexit sha1_base64="DMm6dfL8tRArwhifpjrCMtMKGk0=">AAACDHicZVDLSgMxFM34dnyNuhI3wVJwMZQZERRXRRFcVrBVaEtJ0tQGk8mQ3BHKMPgH/oVb3bgTt/6D4MeYqV1YPRDuyUkO995DUyksRNGnNzM7N7+wuLTsr6yurW8Em1stqzPDeJNpqc0NJZZLkfAmCJD8JjWcKCr5Nb07K9+v77mxQidXMEp5V5HbRAwEI+CkXrDTUQSGjMi8UfTy8YXS/LwoTnpBJapFY+D/JJ6QCpqg0Qu+On3NMsUTYJJY246jFLo5MSCY5IVf7WSWp4TdkVvedjQhittuPt6hwFWn9PFAG3cSwGPV/+XIibIwVCF2tZwydNWOFC1r6bAhLmXQWtqQqpBSVfj+VEsYHHdzkaQZ8IT9dBxkEoPGZTK4LwxnIEeOEGaEmxqzITGEgcvPd3HEf5f/T1oHtTiuxZeHlfrpJJgltIv20D6K0RGqowvUQE3E0AN6Qs/oxXv0Xr037/3n64w38WyjKXgf326QmwQ=</latexit><latexit sha1_base64="DMm6dfL8tRArwhifpjrCMtMKGk0=">AAACDHicZVDLSgMxFM34dnyNuhI3wVJwMZQZERRXRRFcVrBVaEtJ0tQGk8mQ3BHKMPgH/oVb3bgTt/6D4MeYqV1YPRDuyUkO995DUyksRNGnNzM7N7+wuLTsr6yurW8Em1stqzPDeJNpqc0NJZZLkfAmCJD8JjWcKCr5Nb07K9+v77mxQidXMEp5V5HbRAwEI+CkXrDTUQSGjMi8UfTy8YXS/LwoTnpBJapFY+D/JJ6QCpqg0Qu+On3NMsUTYJJY246jFLo5MSCY5IVf7WSWp4TdkVvedjQhittuPt6hwFWn9PFAG3cSwGPV/+XIibIwVCF2tZwydNWOFC1r6bAhLmXQWtqQqpBSVfj+VEsYHHdzkaQZ8IT9dBxkEoPGZTK4LwxnIEeOEGaEmxqzITGEgcvPd3HEf5f/T1oHtTiuxZeHlfrpJJgltIv20D6K0RGqowvUQE3E0AN6Qs/oxXv0Xr037/3n64w38WyjKXgf326QmwQ=</latexit><latexit sha1_base64="DMm6dfL8tRArwhifpjrCMtMKGk0=">AAACDHicZVDLSgMxFM34dnyNuhI3wVJwMZQZERRXRRFcVrBVaEtJ0tQGk8mQ3BHKMPgH/oVb3bgTt/6D4MeYqV1YPRDuyUkO995DUyksRNGnNzM7N7+wuLTsr6yurW8Em1stqzPDeJNpqc0NJZZLkfAmCJD8JjWcKCr5Nb07K9+v77mxQidXMEp5V5HbRAwEI+CkXrDTUQSGjMi8UfTy8YXS/LwoTnpBJapFY+D/JJ6QCpqg0Qu+On3NMsUTYJJY246jFLo5MSCY5IVf7WSWp4TdkVvedjQhittuPt6hwFWn9PFAG3cSwGPV/+XIibIwVCF2tZwydNWOFC1r6bAhLmXQWtqQqpBSVfj+VEsYHHdzkaQZ8IT9dBxkEoPGZTK4LwxnIEeOEGaEmxqzITGEgcvPd3HEf5f/T1oHtTiuxZeHlfrpJJgltIv20D6K0RGqowvUQE3E0AN6Qs/oxXv0Xr037/3n64w38WyjKXgf326QmwQ=</latexit>

PE = PCVaR(↵ = 0,� = 0)
<latexit sha1_base64="zOYbH6VWGVa8eICVBIJZu+zjSAo="></latexit><latexit sha1_base64="zOYbH6VWGVa8eICVBIJZu+zjSAo="></latexit><latexit sha1_base64="zOYbH6VWGVa8eICVBIJZu+zjSAo="></latexit><latexit sha1_base64="zOYbH6VWGVa8eICVBIJZu+zjSAo="></latexit>

...generalize to the CVaR-aware problem 
using the variational characterization of CVaR

…sample and update the iterates



Theorem. Convergence Result for 
15

PCVaR
<latexit sha1_base64="BepwuRp52eDtNxXeqqptkxLkPsw="></latexit><latexit sha1_base64="BepwuRp52eDtNxXeqqptkxLkPsw="></latexit><latexit sha1_base64="BepwuRp52eDtNxXeqqptkxLkPsw="></latexit><latexit sha1_base64="BepwuRp52eDtNxXeqqptkxLkPsw="></latexit>

…1/√𝐾 rate for CVaR-
constrained CVaR-
penalized optimization

The iterates generated by the stochastic primal-dual algorithm on the refor-
mulation of PCVaR using the variational characterization of CVaR with param-
eters ↵,� satisfy

E[CVaR↵(f!(x̄K+1))]� p?  ⌘(↵,�)p
K

,

E[CVaR�i(gi!(x̄K+1))] 
⌘(↵,�)p

K

for i = 1, . . . ,m with step sizes �k = �/
p
K for k = 1, . . . ,K with 0 < � <

P�1/2
3 (↵,�), where ⌘(↵,�) = P1+�2P2(↵,�)

4�(1��2P3(↵,�)) and

P2(↵,�) =
16(C2

F + 1)

(1� ↵)2
+ 2

��diag(1+ �)diag(1� �)�1DG

��2 ,

P3(↵,�) = 16m

����

✓
diag(1� �)�1CG

diag(1� �)�11

◆����
2

.

<latexit sha1_base64="unLRscyase0rpDGIQSvqGdn9Xuo="></latexit>

P1

<latexit sha1_base64="cYbFlx8LMQe4xhdi6W5YSoaDvzI=">AAACJXicZVDLSgMxFM34rLVqq0s3wSK4KGVGKrosunEjVLQPaEvJpJk2NJkMyR2hlH6CW/0Ev8adCK78FTPTAbW9EO7h3NfJ8SPBDbjul7O2vrG5tZ3bye8W9vYPiqXDllGxpqxJlVC64xPDBA9ZEzgI1ok0I9IXrO1PbpJ6+4lpw1X4CNOI9SUZhTzglIClHhoDb1Asu1U3DbwKvAyUURaNQckp9IaKxpKFQAUxpuu5EfRnRAOngs3zvdiwiNAJGbGuhSGRzPRnqdY5PrXMEAdK2xcCTtn835EZkUYSGFdsNlPpJzlpNZWE1SZYAFBKmMowLf1WfFnxfWmv4DtLpSfM8nIYyyWNEFz1ZzyMYmAhXUgMYoFB4cQyPOSaURBTCwjV3P4S0zHRhII1Nm/985bdWgWt86pXq17c18r168zJHDpGJ+gMeegS1dEtaqAmomiEntELenXenHfnw/lctK452cwR+hfO9w98CaPw</latexit>

…depends on initial conditions

…computational cost of the 
preference for robustness

A Stochastic Primal-Dual Method for Optimization with 
Conditional Value at Risk Constraints. A. N. Madavan and 
S. Bose. Journal of Optimization Theory and Applications, 
vol. 190, pp. 428-460, 2021.



Pricing CVaR-Based 
Economic Dispatch
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<latexit sha1_base64="EozOS77bGolmbZpNhDwxxIFg/pI="></latexit>

minimize
g,G

CVaR↵

⇥
c
T (g �G�!)

⇤
,

subject to 1T (g �G�! � d+ !) = 0 a.s.,

CVaR�F [H (g �G�! � d+ !)]  f ,

CVaR�G [g �G�!]  G,

CVaR�G [�g +G�!]  �G.

<latexit sha1_base64="Apmr5/3M4zLNy77gB7aI7W4SZH0=">AAAB6HicbVBLSgNBFHzjN8Zf1KWbwSC4CGFGFN0IQTcuI5gPZIbwutNJ2nTPNN09wTDkDq4UV4qX8QzexknMJom1KqrqwasiSnBjPe/HWVldW9/YzG3lt3d29/YLB4d1EyeashqNRaybBA0TPGI1y61gTaUZSiJYgwzuJn5jyLThcfRoR4qFEnsR73KKNpOCNECh+jh2b1yvXSh6ZW8Kd5n4M1KEGartwnfQiWkiWWSpQGNavqdsmKK2nAo2zgeJYQrpAHus1RlyZSKUzITp8/TtOT9FacxIkhKRJULk2D2VaPtmMTIR//Naie1ehymPVGJZRLNI5nUT4drYnbR2O1wzasUoI0g1zx50aR81Upttk8+a+4s9l0n9vOxflr2Hi2LldrZBDo7hBM7AhyuowD1UoQYUFLzCB3w6T86L8+a8/0VXnNnNEczB+foF54iM8Q==</latexit>

↵ = 0…expected objective 

<latexit sha1_base64="S1c1fWwaeHKrnVWKHt2fjR6xbxI="></latexit>

GT1 = 1
…nominal dispatch clears 
with expected wind

... using the variational 
characterization of CVaR

<latexit sha1_base64="VZWK7qfo6IdT10LZct7Kt/1AIZ4="></latexit>

minimize
g0,G,u
v,v

c
T
g,

subject to 1T (g + E[!]� d) = 0,

u+
1

1� �F
E
h
(H(g �G�! + ! � d)� f � u)+

i
 0,

v +
1

1� �G
E
h�
g �G�! �G� v

�+i  0,

v +
1

1� �G
E
h
(�g +G�! +G� v)+

i
 0,

G
T1 = 1.

<latexit sha1_base64="RHUlodNxfJ8d8HHVNGJ9IyPpTaw="></latexit>

�
<latexit sha1_base64="UXX2PXp4yBSJ2jxprQSU6e5VAG4="></latexit>µ

<latexit sha1_base64="TaNN377HH1VUTKnLY4qv1jjsX6E="></latexit>⌫ La
gr

an
ge

 m
ul

tip
lie

rs



CVaR-Sensitive Prices & Payments
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Pricing recourse actions via   , 
payments by various parties at 
bus     are given by:

<latexit sha1_base64="TaNN377HH1VUTKnLY4qv1jjsX6E="></latexit>⌫
<latexit sha1_base64="wg41N3Maok7NtQgxnUN6h18wYDM="></latexit>

i

<latexit sha1_base64="grKQ+G0H40XoZkCtZwguxSRWDfg="></latexit>

Merchandising surplus � µT f + risk-dependent term

<latexit sha1_base64="7kspVF+a9BOMmNOdI4uyY2R/Kvs="></latexit>

⇡idiDemander pays

Dispatchable generator is paid

Wind power producer is paid
<latexit sha1_base64="ywrkODcy3KFFQ09HSx+s3VMlqNs="></latexit>

⇡iE [!i]� ⌫?i
<latexit sha1_base64="niuo6W4YUi2LpgMO9oyI/zvwusU=">AAACG3icbZBPS8MwGMbT+W/Of1WPXoJDEITRyEAvwtCDHic4N1i7kmbZFpqmJUmFUfo5vPhVvHhQEE+CB7+N2daDbj7wwo/nfV+S9wkSzpR2nG+rtLS8srpWXq9sbG5t79i7e/cqTiWhLRLzWHYCrChngrY005x2EklxFHDaDsKrSb/9QKVisbjT44R6ER4KNmAEa2P5NnIT5jM4NHUCXZVGfhZeoLwn4LWfsTDvuUpjCV2R+uGMfbvq1Jyp4CKgAqqgUNO3P91+TNKICk04VqqLnER7GZaaEU7zipsqmmAS4iHtGhQ4osrLpqfl8Mg4fTiIpSmh4dT9vZHhSKlxFJjJCOuRmu9NzP963VQPzr2MiSTVVJDZQ4OUQx3DSU6wzyQlmo8NYCKZ+SskIywx0SbNigkBzZ+8CO3TGqrXELqtVxuXRR5lcAAOwTFA4Aw0wA1oghYg4BE8g1fwZj1ZL9a79TEbLVnFzj74I+vrBzxdoNU=</latexit>

⇡igi +
nX

k=1

G?
ik⌫

?
k

Vector of risk-sensitive locational 
marginal prices (risk-LMPs)

…depends on congestion across scenarios through <latexit sha1_base64="UXX2PXp4yBSJ2jxprQSU6e5VAG4="></latexit>µ

…reduces to classical LMPs if the wind variance disappears

…becomes uniform across the network if no congestion occurs 
in any scenario

<latexit sha1_base64="NfjgvPZSmHjpT+Kda/RNCmx7CUI="></latexit>

⇡ = �1�H
Tµ

…equals marginal sensitivity to nodal demands



Computation via Sample 
Average Approximation
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<latexit sha1_base64="VZWK7qfo6IdT10LZct7Kt/1AIZ4="></latexit>

minimize
g0,G,u
v,v

c
T
g,

subject to 1T (g + E[!]� d) = 0,

u+
1

1� �F
E
h
(H(g �G�! + ! � d)� f � u)+

i
 0,

v +
1

1� �G
E
h�
g �G�! �G� v

�+i  0,

v +
1

1� �G
E
h
(�g +G�! +G� v)+

i
 0,

G
T1 = 1. La

gr
an

ge
 m

ul
tip

lie
rs

…replace expectation with 
empirical mean over N samples

<latexit sha1_base64="UK+yWOtZUbdZXJ6Lm2+PNZPiyR8="></latexit>

�̂N
<latexit sha1_base64="LMyvuu2vF+IraVh0rOCGdXZcJJ0="></latexit>

µ̂N

<latexit sha1_base64="E7QfI0b581uBMlug6fp5oUqb9ac="></latexit>

⌫̂N

0 200 400 600 800 1000 1200 1400

Number of samples
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0.8

Lo
ca

tio
na

lm
ar

gi
na

lp
ric

e,
($

/M
W

)

Bus0
Bus1
Bus2
Bus3
Bus4

…convergence of 
prices with samples

Vector of risk-sensitive locational 
marginal prices (risk-LMPs) from 
sample average approximation

Pricing Conditional Value at Risk-Sensitive Economic Dispatch, M. Ndrio, A. N. Madavan, 
and S. Bose, Presented at the IEEE PES General Meeting 2021.

<latexit sha1_base64="wOBFxgMdtuELEjkdHW/wC11jl80="></latexit>

⇡̂ := �̂N1�H
T µ̂N
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• CRE-enhanced Benders’ implementation
• Speed up stochastic approx. for CVaR-sensitive dispatch
• Complete analysis of CVaR-sensitive prices

Website: http://boses.ece.illinois.edu/

Questions? 

Future directions

Discrete ✔ ✔

Continuous ✔ ✔

Disc. + Cont. ? ?
+ nonconvexity ? ?

Algorithm Pricing


